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4. Clustering & hidden Markov models
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Clustering

Supervised vs. unsupervised learning

Hierarchical clustering

Sum-of-squares clustering (k~-means)

Cluster validation

Mixtures-of-Gaussians clustering (EM algorithm)
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Supervised learning

Data collection

Sepal length

Sepal width
Petal length
Petal width

Class labels

5.1,3.5,1.4,0.2] [Iris-Setosa
7.0,3.2,4.7,1.4 | | Iris- Versicolor

6.3,3.3,6.0,2.5| | Iris- Virginica

Train
classifier
with
data
and
class
labels




Supervised learning (2)
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Classification
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Unsupervised learning

Objec;t

MLy A

S

Data collection
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5.1,3.5,1.4,0.2

7.0,3.2,4.7,1.4

6.3,3.3,6.0,2.5

Explore
data
without
class
labels:

PCA,
MDS,
clustering




Unsupervised learning (2)
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What is a cluster?

Shape: compact, convex  Shape: strings

Separation: large Separation: large?
Shape: ? Shape: loose, cbnvex
Separation: large? Separation: small

Shape: convex and circular
Separation: large?

Shape: loose, convex
Separation: small



What is a cluster? (2)

Clustering: finding natural groups in data...
- which themselves are far apart
* In which objects are close together
Define what is “far apart” and “close together”:
* Need a distance measure or dissimilarity measure
« This measure should capture what we think is important for the
grouping
» The choice for a certain distance measure is often
the most important choice in clustering!

There is no such thing as the objective clustering

"BioSB



What is a cluster in bioinformatics?

Clustering gene expression data:
Genes: similar ~ co-expression ~ co-regulation ~
same pathway / same function

LN

lllll

Protein/protein complex

Genes

IIIII

DNA regulatory elements

Samples: similar ~ same type of tissue
Used for discovery of new subclasses (subtypes) in tumors






Example: genes (and samples)
genes "t

Clusterning of -5,000 significant ganes

1

Agioinvasion
Metastases

Lymphocytic infiltra

mm nhegative

—1 positive

samples

Loy fexpression ratic)
=]

histopathological data

_ ER gene (ESR1) and
genes co-regulated with
ER, some of which are
known ER target genes

Van ‘t Veer et al, Nature 415: 530-536 (2002)



Example: samples

Valk et al, N Engl J Med. 2004 Apr 15;350(16):1617-28.

3 &
.\qﬁ;g
o

t{11q23) 43 43
FLT3ITD 82 76

FLTIITD 53 &8

CEAPA 53 67

6l

285 Patients with AML —
L i
_Naw

: éf‘:;‘- 1r
- .
piemF 1

e =

=—1285 Patients with AML

FLTIITD 100 B8

Level of Expression

- 67
= i
-
£
F
B inv(16) 83
e
2 Evil 45 :
7 —
L} 3_ - S T T T
t{1517) 95 .
t{8:21) 100 9
— - —
CEBPA 63 &3 15 Bubg i) N 6 S S S R
t{llq23) 45 .
COMs . .
O S G T I W 5
NBM Patients with AML—=
X &1
=, L BN nE e
Diown- Up: 100% 100%
regulation regulation MNegative Positive
correlation correlatian

Peargzon's Correlation Coefficient

v

|dentified 16 groups of patients with acute

myeloid leukemia




Dissimilarity measures

d(AB) d(AC) |
0 d(B,C)
0

10 11




Dissimilarity measures (2)

Let d(7,S) be the dissimilarity between objects » and s
Formally, dissimilarity measures should satisfy

d(r,s)=0,Vr,s
d(r,r)=0,Vr S
d(r,s)=d(s,r),Vrs

‘@
If in addition, the triangle inequality holds, the
measure is a metric \
@
d(r,t)+d(t,s)=d(r,s),V r,s,t r

Most often used: Euclidean distance (metric)



Dissimilarity measures (3)

- Example: time series data

Euclidean distance S~

n
d(Xw Xj) — Z('xi,t _ xj,t ’
t=1




Dissimilarity measures (3)

- Example:

time series data ~-

Euclidean distance
match exact shape

n
2
d(xi9 Xj) — Z(xi,t o xj,t
t=1

dO®0) < dO,)
d®.0) < dd0.0)
@0 << 0.0)




Dissimilarity measures (3)

- Example: time series data

Euclidean distance
match exact shape

n
d(Xw Xj) — Z('xi,t _ xj,t ’
t=1




Dissimilarity measures (3)

© Example: time series data
B—
~_)
—]
[ 1 |
1:1 1:2
Euclidean distance Pearson correlation
match exact shape ignore amplitude
d(Xl., Xj) = Z(Xu — xj’t 2 | Py = ;(xi,t _:ui)(xj,t _:uj) 0,0
t=1 —,Oij a

d®®) < dO®,) de®) = Jde, )
d®0) < dO.e) d4den) < 0.0)
@0 << 0.0) @0 < d0.0)



Dissimilarity measures (3)

- Example: time series data

Euclidean distance
match exact shape

n
2
d(xi> Xj) — Z(xi,t _ xj,t
t=1

de®®) < dO,)
@0 < dO.0)
@0 << 0.0)

i <_____1\
SN
—_—
[ |
1:1 1:2 tn
Pearson correlation Absolute correlation
ignore amplitude ignore amplitude & sign
pJ:Z('xt—ll’li)(xjt_lLlj) GGJ

(@®) ~ dO®°) des) ~ de,)
(®0) << doe) d4de.s) ~ d0.e)
(00) << dO0.0) dO0) << d0.0)



Clustering techniques

Cluster problem

Y

Partitional Hierarchical Graph
Techniques Techniques Techniques
K-means Mixture of Single Average || Complete Minimum
Gaussians linkage linkage linkage spanning tree
Within : : . Object
scatter Density Inter-object(cluster) dissimilarity dissimilarity

"BioSB



Clustering techniques (2)

Cluster problem

Partitional
Techniques

'

Hierarchical
Techniques

ni

4= 1 cluster

4= ) clusters
4= 3 clusters
4= 4 clusters

>

X

"BiosB



Hierarchical clustering

Input:

 dataset, X: [n x p], or directly:

Output:
« dendrogram

e dissimilarity matrix, D: [n X n]
* linkage type

45| |
3.5} .¥1 xS %A-
221 Xy » £
& of .. ° %2
15 x3 x4
| | o
i ' ;
o 1 2 3 fe;turels & 7 8 x2 x3 xl x4 x5



Hierarchical clustering (2)

Algorithm (agglomerative clustering)
- Start: all objects of X in a separate cluster

 Clustering: combine the 2 clusters with

the shortest distance in dissimilarity matrix, D

« Distance between clusters is based on linkage type:

single, complete, average, ...

« Repeat until only 1 cluster is left

"BioSB



Hierarchical clustering (3)

feature 2
—_ N (98] .
— %] N (3, w %] S wn (3]

(=4
(82
T

o

Dataset Euclidean distance matrix, D

X1 X2 X3 X4
X ' x; 0.00 [1.58] [1.76| [5.22] |4.

X

/\\.5 I X2 0.00 0.74 5.50 5.
4 N X3 0.00 4.81 4.
3 | X4 0.00 1.
X5 O.

L]

feature 1
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Hierarchical clustering (4)

- Step 1:
Find the most similar pair of objects: min; , {d(i,j)} = d(2,3)

-’fl
X5
: )
: )
N b
X3 4

feature 1

X1 X2 X3 X4 X5
xy 0.00 1.58 1.76 5.22 4.53
X2 0.00 5.50 5.10
X3 0.00 4.81 4.48
X4 0.00 1.12
X5 0.00
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Hierarchical clustering (5)

Step 2:
Merge x, and x; into a single object, [x,, x;];

sl -
B~ U

N

Dissimilarity
= UM U W

=

0.74

o
(6]

o

X X, X3 X; Xs
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Hierarchical clustering (6)

Step 3:
Recompute D —

what is the distance between

5

/x>, x;] and the rest?

4.5

4_

3.5¢

feature 2
- )
= (95 ] N (8] w

=
(%]
T

X1

X5

&

®

[X5, X;3]

o
o

feature 1
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Hierarchical clustering (7)

- Step 3:
Recompute D —
single linkage: d([x,x;].x,) = min(d(x,x,),d(x,x;))



Hierarchical clustering (8)

- Step 3:
Recompute D —
complete linkage: d([x,.x;].x,) = max(d(x,x,),d(x,,x;))

X1
X5, X5]
X7
X3



Hierarchical clustering (9)

- Step 3:
Recompute D —
average linkage: d([x,x;].x,) = mean(d(x,,x,),d(x,,X;))
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Hierarchical clustering (10a)

Step 3:
Recompute D — single linkage:

-’f1
X5
— o
3 ®
N b
X3 4

feature 1

X1 X2 X3 X4 X5
x;y 0.00 |1.58 1.76| 5.22 4.53
X2 0.00 0.74| 5.50 5.10
X3 0.00| 4.81 4.48
X4 0.00 1.12
X5 0.00
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Hierarchical clustering (10b)

- Step 3:
Recompute D — single linkage:

X1 | [X2,X3] X4 X5

X1 0.00 | 1.58 | 5.22 4.53
[X2,X3] 0.00 4.81 4.48
X4 0.00 1.12

X5 0.00
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Hierarchical clustering (11)

Repeat, step 1:
Find the most similar pair of objects: min; , {d(i,j)} = d(4,5)

w
T

N
T

—_
T

X1 [X2,X3] X4 X5

X1 0.00 1.58 5.22 4.53
[X2,X3] 1.58 0.00 4.81 4.48
X4 5.22  4.81 0.00

X5 4.53 4.48 1.12 0.00

(=]

feature 1
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Hierarchical clustering (12)

Repeat, step 2:
Merge x, and x; into a single object, [x, x];

bl A
SR,

Dissimilarity
N

|
= (8] N 18] W
T T T T

1.12

o
u

o

X X, X3 X4 Xs
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Hierarchical clustering (13)

Repeat, step 3:
Recompute D (single linkage):

X1 [X2,X3] | [X4,X5]

x1 0.00 1.58 | 4.53

[X2,X3] 0.00 | 4.48
[X4,X5] O . OO




		

		x1

		[x2,x3]

		[x4,x5]



		x1

		0.00

		1.58

		4.53



		[x2,x3]

		

		0.00

		4.48



		[x4,x5]

		

		

		0.00






Hierarchical clustering (14)

* Repeat steps 1-3 until a single cluster remains

feature 2
N
i

o .
T T
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feature 1
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Dissimilarity

o
(6, N




Hierarchical clustering (15)

Dendrogram

Dissimilarity
matrix
5 T " T
" CUT
X
%2.5% ®
X
15} 2 X
1 x3 4
Ud 1 2 3| 4 5 '/I‘

feature 1

) -
A G,

Dissimilarity
N

=
= ul N wul W
T T T T T

o
() 03]
T

- CUT

Clustering




Hierarchical clustering (16)

Hierarchical clustering: repeatedly group closest clusters

Important choices:

» Distance measure
between objects:
Euclidean, correlation,

Hamming, Minkowski, ... Single
linkage

« Linkage
between clusters:

single, average, complete
Complete
linkage

"BioSB




Linkage and cluster shape

Complete linkage

Single linkage



Linkage and cluster shape (2)

Complete linkage

Single linkage

"BioSB



Linkage and cluster shape (3)

Complete linkage

Single linkage

"BiosB



Linkage and outliers

Single
linkage

Complete
linkage

°
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o
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o o*&c
° ‘00. o
()
o. °
‘o :.‘ o
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Hierarchical clustering examples

Euclidean, complete linkage

0.9r
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Hierarchical clustering examples (2)
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Hierarchical clustering examples (3)
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Hierarchical clustering (17)

Advantages:

« dendrogram gives overview of all possible clusterings

+ linkage type allows to find clusters of varying shapes (convex and
non-convex)

- different dissimilarity measures can be used

Disadvantages:

- computationally intensive:
O(n?) in complexity and memory
* clusterings limited to “hierarchical nestings”

"BioSB



Hierarchical clustering: warning

Cluster 500 genes, 5 arrays:

Dendrogram (Euclidian distance)

G0

| CUT

40

Height

30
!

6 clusters

dist{tidata reduced))*2
compete linkage

Data were random ...

Array 2

Validation is needed

"BiosB
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Sum-of-squares clustering

Hierarchical:

Dissimilarity
matrix

Sum-of-squares:

Dendrogram

1. Data
2. Criterion
3. # of clusters

Clustering

Clustering




Sum-of-squares clustering (2)

Recall from Day 2 (& 3) (Fisher: within and between scatter):

Cc n.
S =Z,.=1—’21- (n,=3,n,=2,n=5,C=2)

S, Z (m —m)(m,—m)", m= Z

oxl
X
5
o
m m
X o
2. - x4
X3



K-means

*  Minimize:

1 8
Tr(Sy) = — ZSJ
n; n j2=1
Sj= a xl.-mj‘

1

Number of clusters (g)



K-means (2)

Iterative procedure to search for min(Tr(Sy)):
1. choose number of clusters (g)

2. position prototypes (m, j=1,...,g) randomly
3. assign samples to closest prototype
4

compute mean of samples assigned to
same prototype: new prototype position

Repeat steps 3 and 4 as long as prototypes move

"BioSB



K-means (3)

- Step 1: Choose number of clusters/prototypes
- Step 2: Position prototypes randomly

m, X,
O m,
0x5
x,® ®
O X,
X3



K-means (4)

- Step 3: Assign samples to closest prototype

m, X,
*mz

®x;

X, ®

Xy



K-means (5)

- Step 4: Compute mean of samples assigned to same
prototype: new prototype positions

*ml x1




K-means (6)

- Repeat as long as prototype positions change:
- Step 3: Assign samples
- Step 4: Recompute prototype positions



K-means problems

« Clustering depends on initialization

m, -
o 2
X, .
s |
[ ] o
o x, m;
X, X, 4
m;
X1
Xs
m,
XA ® o
2 .x3 x4
m

X1
X5
o

X1
X5
[ ) o




K-means problems (2)

Algorithm can get
stuck in local minima

Solution:

- start from [ different
random initialisations f ‘i"

- keep the best clustering
(lowest Tr(Sy,))

» For high-dimensional data, many restarts can be
necessary (e.g. I = 100)



K-means problems (3)

Clusters can loose all samples

m;
°x
1
X"  m,
o ° .x.
X 4
2 X5 m,

Possible solution:
- remove cluster and continue with g — 1 means

- alternatively, split largest cluster into two
or add a random cluster to continue with ¢ means



K-means example

457 Iris dataset
(all 4 features)
40
’g e o
<35 ’
= e oo
i, ° .co .noo °
;30 ® oo .oo:o. o0 L 1)
Q ::o .:oioo. . .
8 ° c.: -. o0 .
25+ . ove . °
°
o e
o @
20 PN 1 1 |
40 50 60 70 80

Sepal length (mm)



Advantages/disadvantages: K-means

Disadvantages:
* Finds only convex clusters (“round shapes”)
« Sensitive to initialization
« Can get stuck in local minima

Advantages:

* Very simple
- Fast

"BiosB



Recapitulation

Clustering is way to detect natural groups in data
What is natural is partly subjective
We looked at:
 Hierarchical clustering
« Sum of squares (k-means) clustering
Hierarchical clustering:
» dendrogram shows a complete hierarchy of possible clusterings
- computionally intensive
K-means
- fast
 sensitive to initialization and local minima

"BioSB



Cluster validation

Cluster validation:
« Checking whether grouping is really present
« Choosing the optimal number of clusters

A difficult problem — the ground truth is not known
(since we do not know the object labels)!

Methods:

 Distortion measures:
Does clustering approximate structure in data?

 Validity measures:
Davies-Bouldin index

* Fusion graph
« Gap statistic

"BioSB



Distortion measures

* How well does a dendrogram capture structure in data?

4.5 d*¥ X1 X2 X3 X4 Xs
4,
3.5¢
X1 0 d3 d3
z
825
E X2 0 d,
%)15' >d3 X
3 0
1 |——|—:Zz
05 ‘ ‘ ‘ 1 X4 0 d2
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X X, X3 X4 Xs Xs 0
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Distortion measures (2)

« Measure of distortion: Pearson correlation of d and d*

"
od.d’) = cov(d,d ) e[ 1,1]
\/ var(d)var(d )
d*
X1 X X3 X4 Xs X1 X2 X3 X4 Xs
X1 0.00 1.58 .76 5.22 4.53|x1 0 d, ds
X2 0.00 .74 5.50 5.10|x 0 d,
X3 .00 4.81 4.48|x3 0
X4 0.00 1.12| X 0 d,
Xs 0.00||xs 0
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Validity measures

Many are based on within and between group scatter

The larger the between group scatter and the smaller the within
group scatter, the better

Example: Davies-Bouldin

0 0.5

0.4 ol

0.3 0.3

0.2 02 /
0.1 l O.A
10 5 0 5 10 15 <10 -5 0 5 10 15



Davies-Bouldin index

Assumption: clusters are spherical

For a good clustering, it should hold that:
* objects are compactly organized within a cluster
* clusters are far apart

D.L. Davies and D.W. Bouldin, IEEE Transactions
on Pattern Analysis and Machine Intelligence 1,
pp. 224-227, 1979



Davies-Bouldin index (2)




Davies-Bouldin index (3)




Davies-Bouldin index (4)

(:”196 +++
+ :;."'14—
+ O+ &t
BN
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auj_:uk
R. = max R.
Jo ke, gkej IR




Davies-Bouldin index (5)

R

R.

J

]DB

o, + 0,

= max R.
k=1,

1
g

Wgik#]

g
2R,
j=1

* T

jk

Paired cluster criterion

Worst-case value per cluster

Average worst-case
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Davies-Bouldin index (5)

ﬁ'T |Im|ﬁjr£jﬁ ﬁﬁi # %k

Complete link
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Davies-Bouldin index (7)
Single link

0.35r

0.3

01:_—%' 4'}7' LT el
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Davies-Bouldin:
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© .
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Fusion graph

* Heuristic approach: fusion level

Dissimilarity

5
4.5
4,
CRGH
» Cut here'<—Largejump< 9
» 2 clusters _ S e
i :
1.5 &LI:-)
1,
0.5 1
0
Xp X X3 Xy X5 0, , ; "

Number of clusters



Fusion graph (2)

(Euclidean; complete linkage)
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Fusion graph (3)

(Euclidean; complete linkage)
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Fusion graph (4)

(Euclidean; single linkage)
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Fusion graph (5)

(Euclidean; single linkage)
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What is a large jump?

Compare the fusion graph of the dataset with a
null hypothesis, i.e. a dataset where the clustering
structure has been destroyed

Different approaches:

- (Generate random data
within bounding box or
convex hull of data;

Feature 2

 Preferable to shuffle data, i.e.
not generate new data, but T T
perturb relationships between measurements o

s

« For example, randomly match feature values, i.e.
permute values within columns



The gap statistic

Generate dendrogram and extract fusion graph, 1

Repeat r times
1. Perturb columns
2. Generate dendrogram and fusion graph, fj,,,

Compute average ,u and
standard deviation o “of these perturbed graphs

Compute the dlfference between the data fusion graph
and the average perturbed fusion graph (gap statistic):

gf“p:max{f ,u],} =1,2,...,2

Look for large values of gap statistic g/“* = f;

"BioSB



Gap fusion graph (single linkage)
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Gap fusion graph (single linkage) (2)
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DBI vs. fusion graphs
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Recapitulation

Cluster validation is used for:

« Assessing clustering
 Deciding on the number of clusters

Methods:
 Distortion measures (dendrogram)
« Davies-Bouldin index
« Fusion graph and gap statistic

When applying cluster validation, one also needs to define
what a good cluster is — like in clustering itself.
There’s no free lunch...

"BioSB



Lunch break

Exercise 4.8-4.16
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Clustering overview

1. Hierarchical:

Dissimilarity
matrix

Dendrogram

2. K-means:

1. Data
2. Criterion
3. # of clusters

)
)

Clustering

3. Density-based:

1. Data
2. Model,“P
3. # of clusters

Clustering

)

Estimate V™
Clustering




Density-based clustering

» Each cluster is described by a probability density function
+ Total dataset described by a mixture of density functions
* Clustering = maximizing the mixture fit

* Clusters are based on a posteriori probabilities

1 Llrl .llk (:'J I{) Ill o = N W Y n
[ ]




Density-based clustering (2)

Given:

* nindependent objects: {x,,...,X,}
 probability density function model: ,

p(x|0)~N(u,Z)

Estimate parameters 6= {y, X}
such that model fits data

Use likelihood as criterion: probability of
observing the data set, given the model
(as on Day 1, for kernel width / in Parzen density estimation)




Estimation: maximum likelihood

« General method to estimate parameters 6 of probability
distribution from data D = {x,, ...,x.}. How?

«  Maximize joint probability of the data

_Independence
likelihood: l
L=p(x,..x . 10) ><
: . 1 - >
log-likelihood: LL(X) - X
N
LL = ZlogZp(x 0|0) —— o 0 6 7

same solution since log is
monotonic " BioSB



Estimation: maximum likelihood (2)

Two possible outcomes: x=0or x = 1.
Success (x = 1) occurs with probability p

Bernoulli distribution: P(x) = p*(1-p)'™

Likelihood: P()(1 = x19°'°9Xn =X, |p) _ px1 (l—p)l_xl...px" (l_p)l—xn
= p’] (I-p)""

d(p"(1-p)" ™) ~0 # of successes
dp

Maximum at p = n,/n
"":"B@oSB



Mixture-of-Gaussians

Choose Gaussian as component density p(x;0,):

: exp(——(x W) (e u,)j
\/27tpdet(2)

Describe complete data set as a mixture of p(x,0)’s:

g g
p;¥)=> 7 p(x;0,) with Dz =1
j=1 Jj=1

p(x;0;) =

O={u, T;}




Mixture-of-Gaussians (2)

g g
p;¥)=> 7 p(x;0,) with Dz =1
j=1 J=1

Parameters:
« Set number of clusters, g
« Estimate other parameters by maximume-likelihood:

Y = (77:, 9:{,”]'92]'}]':1...g)

mixture coefficients 1 1 component density parameters

n g
log-likelihood: LL(X;¥Y)= Zloanjp(xl.;Qj)
i=1 j=1



EM algorithm

Problem: need to simultaneously estimate two interdependent
things...

» Cluster membership of each object T D
- jolbjo =,
» Density parameters of each cluster:

Expectation-Maximization algorithm:
* General class of algorithms for this type of problem
* Repeatedly:
Recalculate cluster membership of each object (E)
Recalculate density parameters of each cluster (M)

Introduce a hidden variable z to explicitly indicate mixture components

m,=p(z=))

"BioSB



Intermezzo: probabilities

die1 ® e o o000 o000 [ ) [ )
die 2

n =20

1 2 3 4 5 6
sum rule: P(x)= ZP (x, )
Y

1/5=P@3) = P(3, die 1)+ P(3, die 2)=3/20+1/20

productrule: P(x,y)=P(x|y)P(y)=P(y|x)P(x)

3/20 = P(3, die 1) = P(3| die 1)P(die 1) = (3/11)(11/20)=3/20
=P(die 1|3)P(3)=(3/4)(4/20)=3/20
' BioSB



Intermezzo: Bayes’ theorem

From product rule

P(x|y)P(y)=P(y|x)P(x)

P(y|x)P(x) _ P(y|x)P(x)
P(y) 2 P(y[x)P(x)

P(3| die )P(die 1) _ (3/11)(11/20)
PQ3) 4/20

Bayes: P(x|y)=

P(die 1] 3)= =3/4




EM algorithm (2)

arbitrary distribution  hidden variable

>
log p(D) =Y log p(x)=> > ¢(z) log p(x)

p(z|x)

p(z]x) q(z)

S a2 Tog 22 _ 32y g LP(X,Z) y q(z)]

=Y 4(2) log (%?} (=) log (

= F(pjoint:Q)+DKL(q | ppost)
free energy relative entropy (= 0)

q(z)

p(z]x)

J



EM algorithm: E-step

log p(D) =Y 4() log(p(x’z)j+zq<z> 1og[ 9(2) j

q(2) p(z|x)
DKL__ F(p,q)
log(P(D | 6))
log(P(D | 6)) =0 (Gibb’s inequality)
F(p,q)
E-step
E-step: ¢ (2] %) = Py = (2] X)

"BioSB



EM algorithm: M-step

log p(D) = z1x) 1 p(x’z))
og p(D) ;p( | x) log (p(zlx)

M-step: maximize log[p(D)] with respect to the parameters

DKL

| F(p,q) F(p.q)

log(P(D | 6)) 0g(FD] 6) log(P(D | 6))

E-step — — M-step Bl.oSB



EM algorithm (3)

lterate to maximize likelihood:

E-step: p.. = P(z]x,0)

Calculate the distribution of the hidden variables given
the data and the model parameters

M-step: 0" =argmax Zp(z | x) log p(x,z | 6)
0 X,z

Maximize the expected (with respect to hidden variables)
log-likelihood of the complete data.

n g
Compare M-step with MoG log-likelihood: ZlogZ%jp(X,-;ej)
i=1 j=1

M-step is easier: log within sum .



EM: mixture model

Very simple example of a model with hidden variables:

\\\\\\\\\\\\\\\\\

2-component mixture model d )

p(x)=mp (x|0)+7m,p,(x|0)

hidden variable z=1,2 - component label

p(z=j|O)p(x|z=,0) 7;p;(x]0)
p(x]0) p(x)

responsibility

E-step: p(z=j|x,0)=

M-step: maximize ) p(z|x)log p(x,z|6)
x,ze{l,2}



EM: mixture model (2)

Initial Configuration

Initialization



EM: mixture model (3)

Initial Configuration

EEEEEE

Initialization

°
° e o
o'.:.
%
°
.o L .o




EM: mixture model (4)

M-step: Maximization
Maximize the expected complete LL by updating
- mixture coefficients 7
- cluster means and covariances 0={u, X}, j=1....,g:

:—Zl plz= ]|x)——zl1 w, + “total membership”

n )
2 i=1 Wi,

Zi=1 Wij

¢ _ Do ow(x, —A)(x, - ,)"
] 2 W )

> weighted sums

"BiosB
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EM: mixture model (6)
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Mixture-of-Gaussians (3)

‘Gauss’; m
0,1 Oy
O, Oy
‘Aligned’: —
g, 0
0 o,
‘Circular’;
%) 0
0 o




EM: mixture model (9)

If...

- all clusters are spherical
 the variance of each cluster is infinitely small

g 0 0
=0 & 0| &-0
0 0 ¢&°

then the EM algorithm simplifies to the K-means algorithm
(samples are always assigned to the closest cluster!)

"BioSB



EM algorithm (4)

Disadvantages:

» can get stuck in local minima
« depends on initial conditions
e convergence can be slow

« problems with covariance estimates:
if too few samples are members of a cluster,
there will not be enough data to base estimate on

Advantages:
* simple to implement

"BiosB



Cluster validation: log-likelihood

For probabilistic models (e.g. mixture-of-Gaussians):

» Log-likelihood will probably not increase anymore
when too many clusters are used

« Look for “plateau” in log-likelihood graph

LL 10 %/Effi/l‘
T

6

4

2 0 2 4 6 8 2012345678910
Problem: when g = n, the log-likelihood is infinite;

Solution: information criteria (Day 5) BLOSB



Recapitulation

Density based clustering:
- Assume a probability density function per cluster
 Train using the EM algorithm

Example:
« Mixture of Gaussians

- But many probability densities fit in the same framework
principal component analysis, factor analysis, ...

EM algorithm:
« problem decomposition: simple to implement
* sensitive to local minima

"BioSB



research school

0’0

CINL 4

L) Emmu® ‘
L INL 4 ‘
LT Ll et
0. UNggmput®
L »

¥ g

15min break
Exercise 4.17



Hidden Markov models

Regular expressions & weight matrices
Dependencies & Markov chains
Hidden Markov models

HMMs & EM

Profile HMMs

Genefinding

"BiosB



Application: genefinding () (=) ?

Esng]+

(single-exon

GETETCTTESCORCACTEOTC XA BICGGEGRTCOTAGC G COCOTAT TG TG T TIC AT COTOO0CA TG TET COTCTECOTPTETCSC0
o BRI .G, BT TG AR RAC AGC m ooC CRGCCTCCAR
CABCATGGEERGERECT THGTCAGCC TC TG BT EOT AGC AGG GGG GECHEAGTC CTC CAGCCCCARGCTTACCACCTGCACCCGGAGAR
CTBTGTCACC RTCTG GG PCCC GE TP IO L CTC AC C OO COTG AL i COTGACTG PG EAGCTG ASGOTCTTICCDEC
CCABCCCRGCROCOCAGD TCTCCCARCCCCASTTC ARGCCC AT ACC ICCAGTCCOCTCC AT AT TGE AAC G TCC TC ACT O AL BGC AGGTCCOCECTCED
TCCCACTTACCCC AR RACTITCTTCCCATT T GC COAGC C ASC TOCC T B0 ToC C AGE RO TT T ACTARAGE GE ARG TTCC PRGGC ATC TCCOT G T T A TC TIPS THG0G CTC AR AC CTCC ARGG RCCTCT
CTCRATGCCATTGET TCOTTGGACCETATC ACTGETCE ATCT COTG AGCCCCTE AR TCCTATC RGAGTCT ACT G ACT T PTOCC ATTC RGC TG TG ABTGTCCRACCCTA TCCCAG A ACCTTGRT GOTTGE
CCPOCCARTCTTEOCCT RGGATACCC AGATGCC RRCC AG ACRCC TCC PTCT T T CT ASCCRGE CTATC TG GOC T AG AC ARC AARTOEGTOE CTC AFTCTGRC AATGE GACTC TG AGRRCTCCTCATTCC
CTGACTCTTAGCCOE RG RCTC TTCRT TCASTGECOC AC TP T TCCTT RG Gl AR A AL AT RS C RTCCCC AG CEAS AR TECCAGC TCTCTE AR TC COC ARATC TG RTCCTPTTC ARRRCCTRARACRAR
ARG T RCCAGRACTETTTTCTCARCC TG GE ACTTCCT R RRC T TTCCARRRCCTTOC TC TG CAGCARC TRARCC TCGCO RTARG GCACTT ATCCO TR TTCOTA
GCACCCCTTATCOOETC RGARTCCAC RACTTET AOC ARG TPT COCTTCTCOC AG IO C R AGRCC COARATC ACC AT ARAG GRS CC ARTCOCTAG AL TTGTGTCTCCT
ACCCTGATOCCTGO6 PTCAMC TC TG ToCC AGAGCATG ARG CTCTC CACT AGT AL GO0 AC C EAGC TG CR ARG CT A GEARG ATTGAC AS AAT PO CAGCC TT PO CAGCTCCCCOTOOCCATE TOEC
ABGRCTCCCRSCCTTGE PRCTCTGCCCCCRTETCTITTC ARRCCCRC RTCOT AR KT CC ATC TC CTATC CG AR T OO0 C RGBT CCCOC TR TCARC COTGATICO DO TGATC TAGC ACCCOCTCTRCARSCG
CTBOGCCCCTCATOCTETCTC GRGRAGCATTCCCAROCCTGRC REETEC T TG IR G CTC T BTG, TECSGCGGTETTCTG G TECRCCCCERETREET
COTCACAGCT GO CCACT GEATCAGS RS TG AGT KOG GG TS GO0TC TECSG AGCRIG TOTCTO T TCCC ASASG ART R ACAGC TSSO M TTC COC AGGRT RACCT CT RAGGUC ASCOTISEGACTSE
GEGRGAGRGECARAG PTCTGG TTCRGCTCAC ATEEGG AGGE GG OTTGECEC TG AT AL CTCOC CATG GO TG CTGE G TC TC CATCTG TG TCCCTC TATGTCTCTT TG TETCRC TITC ATTATE TCTC
TTGETRACTECE! TG CTCTCTCCTC O TCTCTGTCTTCARTOTCC ATRTC PO COCTC TC TS TOCTTCTCTG GTCOC TOTCTAGCCAG T TETC
TCACCTGTATCTCTCTEOE AGGCTC TG IS CTCOG T C TG PO TC ACC T GL T PO 00 CT ACTG ARG A ACGCACE EATGGECCTG MG GG ACCC TG AG AR ARG BAGOGC T TIGECTCEECEEET
Ch T G AGACT AGCC TG00 AACTGGTGARRCCOC ATCTOT ACT BREARTAC ARRRARTTRGCCAGGD
GTGETGECEC RIS CROCTACTE CRTTGRBCC ACTCAGCOGREACCO IO RO TG0 RO TG MG COT GO0 TG ACRSRGTCASAS
P CCECCTC LRI AR B AR K AR AR PR RAR BRI ARG AR ACRAARG RAARG BRR oo CCCTOTC RCTCC RTTCOTTCTOC
GGACATCCCTCCACT CT TG AG ACAC AGRG RRGEGCTGETTCC AGC TRCAGT R AGGRGAA ARG AARR cr
ABGTGGAGERTAC ALCC MGG GCCTGEC ATGC AGGCOT ACCTACCORCTPRGR ARG CD ACGOC AR REC CGC ATCT A AGCT G AG GO ACT GG AR GCC PG C GO TGO OO GAE GEPCCC T ACTC AGCTCC ARRGT
CTCTCTCCCTTTTCTCTOOE ACACTT TATC ATCOOC GGG AP TCO IO CT AT TG GT PO TCATTCTT COTT TR ACT TOC TRCT TCCCT T TGITTCTCACT TG TGO
CTCTCTCTCTTTCTC TG ECCC ATGTC TG TITCTCTATG TTTC TG ST PT T T T CTC AT GG CCCTCTGoO! TCTCTGLOCTTITA
CCCTCTTCCTTTTOCCT TRGTTCTCTC AGTTCTGTATC TRECCT TG ACCOTCTE A AC TG TG PTTCCCARSTC TTCOCRAC TCACTGT
TCPTTTTCTC T TG GARCCTCC TCC TTGC TCE TOT G T CCe T Te TS TCT TG C T TR TC ATC CTCeC TCCTCR T T CT L BTC TG C TTCO TOE Lo RS LR SO ST G AT CT TEC TG GTOGECAC RECTTG
TPCATCCTG RS AC RC RSGCCAGETRTTTC G ETC AGCCAC ASCTTCCCAC ACCE GO TCTAC GRTATGAGCC T CTG RRGARTCGRTTCOTC AR GCC AGGTE RTGAC TCCASCCACGACC TCATECTGC
TCCECCTGTC RGAGE CTECCG AGCTE RC GG ATECTGTG ARG TC AT G GACTT G CE ACCORGE REC CAGT ACT 56 66 ACC RS CTGUT ROGOT TE RGO TEGHEC AGCATTGARC T AGRGG ACTGTACGCT
GEE0CAGATEOTGOARC COGG AGCCCAGATECC TOGGTC M AGG0RE CANFGGACAIG ALTCC TRGGTC TR GE ARG RIEGCCR, CRGCECACH CTGRCC
CEPHSTCTTS ROCOE RARGARACTTC RS TS TGTEEAC CTOE RIS TTATT IO AR TS DG TG TE TEO G ARGTTC ADC CTC b R AGCT G AL CARG T ATGCTE o oG TG GAL GO TGEACASSEGECARE
AECRCCTGOTCGETG AG PEATCCCTACTCCC RRERT C T TGAG GG ARRGE TG AGT GR G ACCT T AR TT CTGE GO TG 06 TC TG AAGIC RAC ARG L OTC TECOTOCCOTBC TOCCCAGCTOTRGCCATHEC

Forward (+) strand

ACCTCCCCETOTCTC ATCTCATTCCCTCCTTCCCTCTTC TITGCACTCCO T ARG GE A TTACAGE BC ARCTCRTCTG PTCCT GG T RGCRC RCGETTACTAS AT ACCTECTATGCRC
CRGCACTGOCCTRGAGE CPGGGACKT RGCAG TS G AG ACAS AGASC RGCTCCTCOC T ICTGTAGC CCCT BRGT P RGGUAG G AC BGGCRCCAC ARG ACAS AR ASCTCCRAGOTETS
ABGREGTGRTCAGGE TC TOGGGE ASECASARGEGET GG OGRS TE TG ACTCS RTCCTGCRAGRAGET! RRACACCTGCGCASGCGAG TGCGGCRCCTOGGGERECE
GRGEGAACBSCATCTGECCAGGT GTCRGGAGC CTGGC GEOGCAGGITOOCRE REGEARG MRS GACCCCTCOTGO A0
CRGGREC :RGRGGCTECGCTCECCTCCTATCEGA]

COPOACCTGEECE ACTCCTITICD TCGRCAGARGCARG AC ARGCCCTEECTCAGGTTCC! CECATCAGE
ST TOCAGGCAPTETOCCC ACCTGGA0CE PTAC T C AGCOTCOC TC RCAGGCTCC TG ACCCTCAGTCTOTC
COOTCCACTECATTC PCCACC T ACCE RO RS TGEGTC AT TOTS ATCAC GO BACTG A G TG0 C SO CTGC e ATG OGO PO AT GEC TOCOT BG TEOC GG S ASGAGG TOTC T AGTC RS AGASTASTC

C ‘G RCOGGGACAGC ATCOTGE G ATG BTG T GECC CTTGTCOC AC GG ACC TG TC T AL BASG AT GTCCT CG TG ASCOPCCOCTC TG CAC AGG AGC TGGACCC TG AR
GTEOCTTCOTRECOGT CCCTACCCC PTG G ATCOOTE00E ACCTTCT TOT 6 RASTC G AT TTCTC TG TGO CR ARG C TGS A A TGO TRTC TG TRTCTGE
CTGTCCAGETCTE ARG BPAGG ATTGCCCARGE AGA R ACTGGG ACTE ROCT ATCTC ACTCT CTCOC TGCT T ACCE
CETOATGGEEC ARG AACCATGTGECCTHECCE ARAGGCCTTCOCTE T ACAC C A RS BT GETGC ATT ACCGGA CACE RACCCCTGABCACCCCTATC ARGTCCOTATTG
TRGTARACTIGER AL CTPOG A R ATG ACC AGGECC ARG ACTCARGCCTCCOCAGTT Ol ACTGACC M GTCC T AGG TG TR AGGTCC ASGG TG O GG AR ARG AR ATCAGE AGAC AC AGGTGTAG ECCAGG
TGTTIC TTTGICCTCTCTETETC TGCCATECOTEERGRCAT ATCACTC ARTTTCTC TG AGE AL BGR
RTGRR, ACAC RTGTGCTGEACAC THTCCATGARG CACTG AG CAG A AGC TEGAGGC ACARC GCACC AGAC ACTCAC AGCARGE ATGGAGCTEARLAL
ATABCCCACTCTGICCTEEAGEE ACTGEGRRGOD THTGAGCCE TTCOTTTGHC TGGACCCOCT GG RRGCTIGATTCAS
TRTEGGEGERGGTCT AT TEARGTCCTCCAGACARCCCTC AGRTT TG ATG RITTCCT AGTAG R ACTC AT AG ARAT ARG AGCTCTT AT RCTGT GG TTTATTCTGCT TG TT ACAT TG ACAGGAGACACACT
GRRRTCAGCRRASGARACAGGCATCT R ACTEGEERTGTGARS ARRRC RECHARAKTCTTIC TCC RO CTTETG
TRTGRRGT AT TTCCARC TAAGG ARGCTCACC TG AGCCTT AGT GTCC AGAGTTCT TRT T GG GG LT GTAG GRT G GC AT GGG TACT GG AAT RGC TG ACCTT ARCTIC TC AGACCTGRGGTTCCCARGAG
TTCRAGCAGRTAC AL CATEGCCT ASASCCTC AG RTGT AC AR ARCRG G0 RITCATC AT G ARTC GCACTGT TRGCATE AR TCATC TEECACGS CCC AMGGCCCCABGTATACCARGGCRC TTCEECOGAAT
GTTCCE RTGTCRTCTCCC AGGGTGRECCCTG TACT GG ARCG TTC ARG GC TITGAGE AGTEC R GEC TGC TG G TCARCC TP TTAC TG TAC AG G EE GO TG AGEG RARGGE

generalized HMM 00900

Insied

(single-exon
gene)




Application: transmembrane proteins

Qutside loop

Outside Qutside

Inside

Inside loop Inside

Amino acid seq: MGDVCDTEFGILVA. . . SVALRPRKHGRWIV. . .FWVDNGTEQ. . . PEHMTKLHMM, .

State seq: ooooooooohhbhh. . hhhhiiiiiiikhh. .. hhhooooOo. . .000oooohhh. .
Tail . . Tail-Tai - ——Tail - Loop - Tail —— -

Topology: ———{__ Helix Helix_| - .
ou Short loop Long loop

HMM




Application: protein domains

021978-165-314 SCEVVADSHRINESRSSAAETSACEGLEVECORVES . . .KIPMIRFLEG . L. SESDDVFDLPDNHEVRRHARLETST
Q20p38.-74-216 EKELLERTWSDEFD. . . . NLYELGSATIVCYIED. . . . HNPNCEOQLEF E . ISKYQGDEVKESKEERSQALEFVOT
019601-54-189 ERILLEQSWRKTRET . . . . GADHIGSKIFFMVLT. . . AQPDIKATFG L .EK. IPTGRLEYDPRERQHALVYTET
018311321758 TKKLVIQEWPRVLA. .. . QCPELFTEIWHKSAT. .RSTSIKLAFG .I . AE N. ESPMONAAFLGLSSTIOAE
018209-233-375 QIHLVRALWROVYTT . . . EGPTVIGASIVHRLCFKNVHVEECMEQVE LEPKE QN ... . RONFIKAHCKAWAEL
09ZAX1-42-162 DALRVLONAFEL. . .. .. DDPELVREFYAHWEA . . .LDASVEDLEF.P.. .. ... .. DHEAORAAFGQALHWY
LGBl MEDSA-7-142 QEALVNSSWEARED . ... NLPRYSWFEVTVVLE. . . KAPAAMGIES F.. LENSAEVODSPOLOAHAEEVEGL
LGBl LUPLUI-7-145 QVALVKSSFEEENA . . NIPKNTHREETLVLE. . .. TAPGAKDIES F.LE GSSEVPONNEDLOAHAGEVEKL
HBFZ? CASGL-13-15 QEALVVKSWSAMER . ... NAGELGLKFFLEIEE. . .. TAPSAQKLES FLKD .  SHVPLERNPELESHAMSVELM
HBF1 CASGL-6-145 QEALLEQSWEVIEQ. . ..  NIPAHSLELFALIIE. . . AAPESKVWES FLKD .  SNEIPENNPELEAHAAVIFEKT
GLP1 GLYDI-7-141 QVAALKASHPENSAG . . | DGEAQLGLEMETEYEH . . . ENPOMMEFIEG YSGR . T. . EALKHSSKLOHHGKVIIDO
GLE1 GLYDI-6-141 QROVIAATWEDIAGA . . . DNGAGWGKDCLIKFLS. . . AHPOMAANEG E.5G. .. .. .. ASDPGEYAALGAKVLAQ
GLE TUBTU-6-1 QRFKVEHOWAEAFGT . . SHHRLDEGLKLWNSIER. .. .. .. DAPEIRGLEKRVDGD . N . . AYSAEFEAHAERVIGG
GLE3 LAMSP-7-141 QRLENERQWAFAYES . . CNDREEFGHFIWTHVEK. . ... .. DAPSARDLEKEVREDNT . .HTPAFRAHATRVIGG
GLE? TY¥IHE-9-142 QRLENEQOWAKAYEY . . GHERVELGIALWKSHEL . . ... .. QDNDARDLEKRVHGEDY . . . HSPAFEAHMARVENG
GLEZ LUMTE-8-141 EGLKVESEWGRAYGES . . GHDEEAFSQATWRATEL. .. .. .. QYPESRSLEKRVHGDDT . . . SHPAFTAHAERVLGG
GLE1 T¥IHE-7-13& QRIKNEQOMAQWYSY . | CESRTDEATDVENNEER. . .. . .. THEDRS . LENENWNGEDNY . . TSPEFKAHMVRVEAG
GLE4 TYIHE-8-143 DREEVQALWRSIVSAE DTGRRTLIGRLLEEELEE. . . . . .. IDGATKGLEKREYHVIDDT . . . HSPEEFAHVLEVVNG
GLE3 TY¥IHE-8-143 DRHEVLDHWKGIWSAE FTGREVAIGOATEQELEL. .. .. .. LDPNAKGVEGRVNVD K . . PSEADNKAHVIRVING
GLE4 TUMTE-11-146 DRREIRHINDDWWSSS  FTDRRVAIVEAVEDDLEK . . .. . .. HYPTSKALFERVWEIDEE . . ESGEFKSHLVRVANG
GLE CEREH-6— 46 SKSALASSWKTLAKD . . AATIONNGATLESLLEK. .. .. .. OEPDTRNYETHE . GNMS . DAENKTTGVGHKAHSHAVEAG
GLE BUSCA~-6— QKTALEESWKVLGAD . . GPTHMMKNGSLLEGLLEK. ... ... TYPDTEKHEKHE . . DDATFAAMDTTGVEKAHGVAVESG
GLEE ANATR/lb 151 QKDLLRLSNGVLSY. . . . .. DMEGTGLMLMANLEE . . ... .. TSSAARTEEARL GDVS. .  AGKDNSELRGHSITLHYA
GLE APTJU-6-139 DAGLLAQSWAPVFA . ... .. NSDANGASFLVALET . .. .. .. QFEFESANEENDE . KG . ESLADIQASPKLRDVSSRIEAR
GLEX CHITH-11-145 EVEQUOQATWEAWSH. .. ... .. .. DEVEILVTWEK. .. .. .. AHFDIMAKFPKE . AG . EDLEAIKDTADEAVHASRIIGE
GLEC CHITH-23-157 EASLVWOQSSNEANSH. .. ... .. NEVDILAAWEA. .. .. .. AYPDIQAKEPOE  AG KDLASIKDTGAFATHATRIVSE
GLEs CHITH-22-156 QADLVEKTWSTWKE. .. ... .. .. HEVDILVAVEE . .. .. .. AYPDIMAKFPOE . AG  EDLDSIKDSAAFATHATRIVSE
GLEZ CHITH-9-143 QLALEESSWNTWEKH. .. ... .. .. HEVDILVAWEE . .. .. .. ANFDIQAKEPQOE . AG . EDLDSIKDSADEAVHSGRIVGE
GLBz CHITH-22-156 EASLVRGSHAQWEH. ... ... ... SEVDILVYIEK. ... ... ANPDIMAKEPOE . AG KDLETLKGTGOFATHAGRIVGE
GLB3 CHITH-20-147 QISTHQASEDEMEG. ... .. .. .. DEVGILVAWEE . .. .. .. ADPSIMAKETOE . AG . KDLESIKGTAPEEIHANRINGE

Profile HMM
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Sites

Site: short sequence containing

some signal

> > > = >
QO Q0O 0 0
aQ > > > »
> > > > P
— 3 Q 4 -
QO a0 Q

Examples: intron splice sites, transcription start site,
transcription factor binding sites

Goals: - give a mathematical description (model) of a site

- find possible sites in a long sequence
" BioSB



Consensus sequence

majority vote:

ACAATC

WSMAKS

> > > 3 >
QO Qa0 a0
Q> > > >

from [UPAC code:

> > > > >
—H 34 Q 3 S

A/C

A/G

A/T

C/G

C/T

G/T

C/G/T

A/C/T B
A/C/G BlOSB

A/C/G/T fm



		M 


		A/C



		R 


		A/G



		W


		A/T



		S 


		C/G



		Y 


		C/T



		K 


		G/T



		B 


		C/G/T



		D 


		A/G/T



		H 


		A/C/T




		V


		A/C/G



		N 


		A/C/G/T






Regular expressions

A CAATG
T C A AT C
[ab] : union | {a,b} A CAAG C
ab : concatengtlon {ab} A G AAT C
€ . empty string
a* :Kleenestar {gaaaaaa, ...} A C C A T C

[AT][CG][AC]A[TG][GC]

ACAATC ,butalso TGCAGG

See also http://prosite.expasy.org .

"BiosB



Weight matrices

N Q O X

N Q O

S = K o

3
4
|
0
0

2

0.0
0.8
0.2
0.0

D~ o o W

4
5
0
0
0

3

0.8
0.2
0.0
0.0

aka position specific score matrix

4

1.0
0.0
0.0
0.0

counts

5

0.0
0.0
0.2
0.8

probabilities

6

0.0)
0.8
0.2

0.0

4 ® O >

A
T
A
A
A

QO Q@aaan
Q > » > >
> > > > P>
= =3 QO 43 4

SO OGS

“ BioSB



Weight matrices (2)

Sequence: X =XxX,...Xy

>~ iIndependence

v
P(xx,..x, | W)= wai’l. = HB(xi W)
i=1

i=1

P(ACAATC|W) = P(R)P(C)B(A)P,(A)

E(T)F(C)

=(0.8x0.8x0.8x1x0.8x0.8=0.33

1

0.8

0.0
0.0
0.2

N QO

2
0.0

3

4

0.8

1.0

0.8

0.2
0.0

0.2
0.0
0.0

0.0
0.0
0.0

5

0.0
0.0
0.2

6
0.0

0.8

0.8

0.2
0.0




Weight matrices (3)

Sequence: X =XxX,...Xy

‘ » Independence

HP(X W)

:2

P(xx,..x, | W)=

=1
P(CCAATC|W)=P(C)P,(C)P,(A)P,(A)P(T)P.(C)
=0x0.8x0.8x1x0.8x0.8=0

| 3 4 5 6

0.8 0.0 [0.8/ |1.0] 0.0 0.0
0.0{10.8 0.2 0.0 0.0 |0.8
0.0 02 00 00 02 0.2
0.2 0.0 0.0 0.0 |0.8] 0.0

N QO




Weight matrices: pseudocounts

A CAATG
pseudocount (Laplace) T € A A T C

P(x) = #xT A CAAGC
Zi(#l_@) A GAAT C

A CCATC

4(5 1 5 6 1 1 A [056] 0.11 [0.561[0.67] 0.11 0.11
cl1 5 2 11 5 W'_C 0.11 10.56| 022 0.11 0.11 [0.56
Gl1 211 2 2 G011 022 011 0.11 022 022
T2 111 5 1 7 1022 0.11 0.11 0.11 [0.56] 0.11

P(ACAATC|W ") = P(A)P,(C)P,(A)P,(A)P(T)P.(C)=0.56"x0.67 = 0.037

P(CCRATC|W ") = B(C)P,(C)P(R)P,(A)P(T)P,(C)=0.11x0.56" x0.67 = 0.0072
" BioSB



Bayes’ rule: odds

class A: sites class B: non-sites

P(x|class A)P(A) . P(x|class B)P(B)
P(x) P(x)
P(x|class A) . P(B) ~__
P(x|class B) P(A)_—

x 1s assigned to class 4 <

priors

P(x |class A) o1 o 10g(P(x | class A)] -0

equal priors: P(x|class B) P(x|class B)
odds log-odds
P(B) 0.7

unequal priors, e.g.: log =log——=1.22

P(4)  C023 "BioSB



Weight matrices: odds

W: weight matrix, R: background model (independent of position)

N

E(x | W)
Pxx,..xy [W) _ 1;[

P(xx,.xy |R) T
P(x, | R)
Ll
(N )
P W HPi(xi | W) N P w
log (x1x2“'xN| ) —log i=1 :Zlog i(xi| )
? P(xx,..xy | R) | = P(x; | R)
172 N HP(xi |R) |
& y
log-odds



Weight matrices: log-odds

R uniform: P(&|R)= P(C|R)=P(G|R)=P(T|R)=0.25

1.16 | -1.17 | 1.16| | 1.42 | -1.17 -1.17
-1.17 | 1.16| -0.17 -1.17 -1.17 | 1.16
-1.17 -0.17 -1.17 -1.17 -0.17 -0.17
-0.17 -1.17 -1.17 -1.17| 1.16| -1.17

log(0.56/0.25)

N Q O

log-odds(ACAATC) =1.16+1.16+1.16+1.42+1.16 +1.16 =7.22

log-odds(TGCAGG)=-0.17-0.17-0.174+1.42-0.17-0.17=0.57

log-odds(CTTGAT) =6x—-1.17 =-7.02
“Bioss



Outline

- Regular expressions & weight matrices
« Dependencies & Markov chains

* Hidden Markov models

- HMMs & EM

*  Profile HMMs

+  Genefinding



Dependencies: language

Probabi I|ty (in English) of “0” given that previous letter is “a”

i L Pi

l a 00575
2 b 00198
3 c 00263
| d 0.0285
5 e 00913
6 £ 00173
T g 00133
8 h 0.0313
0 i 0.0509
0 3 0.0006
11 & 0.0084
12 1 0.033:5
13 m 0.023:
14 n  0.0596
15 o 0.0689
6 p 00102
T g 00008
18 r 00508
19 = 00567
20t 0.0706
21 u  0.0334
22 v 0.0069
23 w  0.0119
24 x  0.0073
25 y 00164
26 =z 0.0007
27 0.1928

oo

LT =T B I Y = T o s e = S O == T e T = A

=

i

[ =

- < _

[X]
1
1
1
1
]
1
1
1
1
=

abcdefghi jElmnopgretuveEve—
J 1 k u

| Pt & = 2 o o PO O B B e b e i
| Pt & = 2 o o PO O B B e e b e i

LT L Ty [ RRT IR ENT ERB NN (BRI
abcdefghi jElmnopgretuveWEVE— §

(a) Plulx) by Pix| )

" BioSB




Dependencies: biology

£
£y

P,

J

U:
iy

%

independent < s,

=1

N Q O XN

probability of nucleotide i
probability of dinucleotide ij

A
(1.13
1.03
1.05

0.83

C

0.73

M. jannaschii

G
1.10

1.37

0.32

1.12
1.05

T

0.94
1.11

1.39

0.71

1.13

L14) ..



Markov chains

Sequence: ¢=¢,9,---9y

N
P(qy>qyrr @) = Py | Gy i5es @) PGy | Gy an@)--Pla) = | | P(a, 16,1500 P(qy)
t=2

Only dependent on previous symbol:

N
PGy 9y 15--q) = HP(% |q,.)P(q,) First-order Markov chain
=2

state: value of g;

transition probability:  P(g, = j|q,_, =)



Markov chains: language

Zero-order approximation (symbols independent but with
frequencies of English text).

OCRO HLI RGWR NMIELWIS EU LL NBNESEBYA TH EEI
ALHENHTTPA OOBTTVA NAH BRL.

First-order Markov (transition probabilities as in English).

ON IE ANTSOUTINYS ARE T INCTORE ST BE S DEAMY
ACHIN D ILONASIVE TUCOOWE AT TEASONARE FUSO
TIZIN ANDY TOBE SEACE CTISBE.

Second-order Markov (transition probabilities as in English).

IN NO IST LAT WHEY CRATICT FROURE BIRS GROCID
PONDENOME OF DEMONSTURES OF THE REPTAGIN IS
REGOACTIONA OF CRE.

C.E. Shannon (1948)



Markov chains: language

Zero-order word approximation. Words are chosen independently but
with their appropriate frequencies.

REPRESENTING AND SPEEDILY IS AN GOOD APT OR COME CAN
DIFFERENT NATURAL HERE HE THE A IN CAME THE TOOE TO
EXPERT GRAY COME TO FURNISHES THE LINE MESSAGE HAD BE
THESE.

First-order Markov (on words). Word transition probabilities are as in
English.

THE HEAD AND IN FRONTAL ATTACK ON AN ENGLISH WRITER
THAT THE CHARACTER OF THIS POINT IS THEREFORE ANOTHER
METHOD FOR THE LETTERS THAT THE TIME OF WHO EVER TOLD
THE PROBLEM FOR AN UNEXPECTED.

C.E. Shannon (1948) _BioSB



Markov chain: graphical representation

Two states: x and y

Matrix X vy Graph: arrows for transition probability
0.8
gt (02 0F O -0
“y 07 03 02 X o7y

a, : transition probability from / to j

Generative model (example): xyyxyxyyxxyxyxx...

PQxyyxy) = P(x)P(y [ x)P(y [ ) P(x | y)P(y | x) = P(x)x0.8x0.3x0.7x 0.8
BlOSB



Markov chain: graphical representation (2)

Two states: x and y I
Graph 0.8
Add begin state g, @Q@
0.2 0.7 03

N
P(qy-qy-1s- 1) :HP(% 19,1)
t=1

and end state q, ., to model end E

of sequence



Markov chain: estimation

a; : transition probability from / toj

Estimation: simply by counting

. # oft suchthatgq, , =i,q, =J
J # of t such thatg, =i

Begin state:

# of ¢ such that g, =i
Ay, = N

"BioSB



Markov chains: log-odds

Sequence: X =Xx.X,...Xy
A,B : Markov chains for class A and B, respectively

N
HPA(xt [ x, ) N
P
1og@§x'| Ciassgj:bg . :Zlog( Amx”)j
X | Class —
P(x 1x )| 7
1:[ ” 1

Xt—15X¢

N a’
= log [—a;’l’x’ J



Markov chains: limitations

For biological sequences:

- Mononucleotide repeats (due to polymerase slippage) are
more frequent than predicted by Markov chain

Reason: probability of d consecutive i’sis (a,) "' (1-a,)
(geometric distribution)

- Codon (position) biases are not taken into account

"BioSB
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Multiple alignment

Sequence ensemble as before but now with some insertions

and gaps

A

> > >

regular expression: [AT][CG][AC][ACGT]*A[GT][CG]

C

Q QO 0

aQ > > > »

Q

Q »>

S G
= =3 Q3
Q000

Insertions and gaps N

"BioSB



A different representation

> > > -
a0 aan
(@I i

boxes: states

- - - A T G
A C T A T C .
4: insert state
C A G C
- 0.4 .
ATC = 1,2,3,5,6,7: match state
G A T C TTE
4 [acoTy | © 04
GHl02
0.a
T 02
EI.ﬁT \
A A 0s e & A 0z
C 02 |qn0 |cmm |10 |cEo2 %8 04 | L0y | 10| C—
G —*comoz ™o — ™G —Tomoz [T
TR 02 T T T T I
1: [&T] 2 [C3] 3 (A 5[] A [GT] T [CF]

mix of weight matrices and Markov chains

"BiosB



Probability of consensus sequence

m

AN 02
4 [accTy+ | ©HEE 04

Il 02
0.4
TH 02
D.ﬁT

4 I & 0.g A I £ I A A 0.8
. 08 | 10 | coms | 10 | cmmoz %3 o4 | L0l o | ¢ Lo | C—
G ™ cmo2 " g gl omoz (T T oMoz
THE 0.2 T T T T I T

1: [AT] 2 [CG] 3 [AC] 5: [4] 6 [GT] 7: [C3]

P(ACACATC) =0.8x1x0.8x1x0.8x0.6x0.4x0.6x1x1x0.8x1x0.8=0.047

Markov chain: one state = one symbol

Here: C can be generated by states 2,3,4 or 7 — states are hidden



Hidden Markov models

Alphabet K of (observed) symbols
States: Q={0,1,2, ..., S} 0: begin state (non-emitting)

transition probability: , , .
P d a; =P(q,=jlq. =1 0<i,j<5

emission probability: b(x)=P(x|i) xeK,1<i<S$

— probability of emitting symbol x in state j



Hidden Markov models (2)

Alphabet of 4 symbols {A,C,G, T}

Q={1,2,...,7} (1.0
2 1.0
3 06 04
A=4 04 0.6
m 5 1.0
40 6 1.0
b2 (C) 4: [ACGT* C-MM 7
G0z 0e
Tz
\ D_ﬁu \
J— A\ g — A I A A 08
C 08 |10 |comsm |10 |cHoz "% 04 |c Wiio |c 10 | C —
G m®cmoz: [ M ® g om0z [ 7] oMoz
THE 02 T T T T I T
1. [AT] 2: [26] 3 [AC] 5 [A] &: [5T] 2. [26]
Ay3 all transition probabilities = 1: weight matrix

"BioSB



HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds.
Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences

"BiosB



HMM evaluation: known state sequence

State sequence: O =¢,9,9,---9x

Observed sequence: X =xx,...xy

P(x,0) = P(x| O)P(Q) ™™ p0)-TTP(q,]4,.)

| .

P(x] Q)= P(xy | Xy_yseees X1 Q)P [ Xy g5, 0)-.P(x, | Q) = | PUx, 1 0,)

t=l1

P(x,0)=]]P@ a9 D] ] P 1a)=]]a, . ]]2, (x)

P(ACACATC)=0.8x1x0.8x1x0.8x0.6x0.4x0.6x1x1x0.8x1x0.8 = 0047



HMM evaluation: graphical representation on a
trellis

P(x,0) =P g D] P 1a)=]]a, ., 110, ()

state sequence = path

observation

weights:  e:(C) ayb,(4

— _
~—

P(CATA,0-2—-1-3-2)

"BioSB



HMM evaluation: forward algorithm

State sequence unknown: P(x) = ZP(X, Q)

Sum over all paths through trellis: ~ SV state sequences!
s forward variable

Smarter:  P(x)= ZP(X gy =i)= Za(N )

a(t,i)= P(xx,..x,,q,=i) ,thatis, probability of having

observed xx,...x, and being in state / at step ¢

"BioSB



HMM evaluation: forward algorithm (2)

a(t,i)=P(xx,..x,,q, =i)

initialization:  «(0,0)=1, «(0,;)=0 1<

recursion :  o(t,i) = zoz(t—l,j)aﬂbi(xt) 1<t<N,0<i,j<S
. J

P(x)= ) a(N,i)
i=0

Complexity: SxN

a(2,2) = ia(laj)ajzbz (x,)

— observation
] = Vi,

"BiosB



Forward algorithm: proof X, = XX,..X,

1<t<N,0<i,j<S§
a(t,i) = P(x, ,.q,=0)= ) P(x .4, = j.q, =1)
J

=D P 124, = NP4, =11% 1.4, = ])

J

Observed symbol and the state depend only on previous state.

=2 P(x 14,0 = DP(x,.q, =114, = j)

j
= a(t-L)P(q, =ilq, = HP(x |q, =)

j

= Za(t_laj)ajibi(xt)

1 recursion




HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds.
Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences

"BiosB



HMM decoding: Viterbi algorithm

Decoding: find state sequence which best explains observed
sequence.

Viterbi: best = most probable Viterbi variable

—

V(x)=max, P(Q]x)=max, sz’x?) = max, P(x,0Q)

V(x) = max, P(x,0) = max, [maxQOHN_1 P(x,0, v.12qy = i)] = max, [v(N,i)]

V(i) =max, [P(x, .0y 159, =1)]

probability of having observed x,x,...x, along most probable:..
path ending in state / at step ¢ BiloSB



HMM decoding: Viterbi algorithm (2)

v(t,i) = max, [P(xl..t Qo im154, = Z)]

initialization : v(0,0)=1, v(0,;)=0

recursion . v(t,i) = max [v(t —l,j)aj,- ]bl- (x;)

p(t,i) = argmax ; [v(t -1, j)a;]

end : V(x)=max, [v(N,i)]

gy =argmax [v(N,i)]

backtracking : g, =p(t+1,q,.,)

1<

1<t<N,0<i,j<S



Dishonest casino: Viterbi

Casino switches between a fair (F) die and a loaded (L) die
2 3

transition probabilities

00 05 05 Fé % % %%% ST
emission propanpililiues
A=F|0 095 0.05 P
1 1 1 1 111
tlo 01 09 Lime — — — —

10 10 10 10 10|2

observations: 3-1-4-6-6-6

Viterbi
3 1 4 6 6 6
L 0.0F8 — = 0.0045 — = 00004 — = 000018 — = 000008 — = 0000037
F /0.083 Xo 0.013 XU.UDEI Xoﬂ.ﬂﬂﬂﬂ X0.0UOUS z- 00000083
0 1/

v(2,L) = max[v(1,F)a., b (1), v(1,L)a, b, (1)]
= max[(0.083x0.05x0.1 , 0.05x0.9x0.1] = 0.0045

"BioSB



Dishonest casino: Viterbi (2)

Casino switches between a fair (F) die and a loaded (L) die
transition probabilities 12 3 456
0(0 05 0.5 Fé % % %%% T
emission propabniities
A=F|0 095 0.05 p
1 1 1 1 1]1
L{o 01 09 Li— — — —

10 10 10 10 10|2

Backtracking

3 1 4 6 6 0
L — — — — — 0.000037
F/ -— - - -— -—
0 /
Optimal state sequence: 0-L-L-L-L-L-L

"BioSB
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HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds
Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences

"BiosB



HMM: estimation
Sequences: {x', ...,x"}

Likelihood:  P(x',...,x"|0) = HP(xi | &) state sequence
i=1

,,, !
=[]2.P".010)
) 4

Log-likelihood: ZlogZP(x 0| 0) -

i=1 same solution since log is
monotonic

Maximization of this log-likelihood is difficult because of sum

over hidden (state) variables Blosg



HMM estimation: EM

1. If we know the state sequence, parameter estimation is
easy: just counting as in Markov chains

2. Can estimate state path using the forward-backward
algorithm (not shown)

3. EM: estimate (probability of) states, then estimate
parameters, re-estimate the states etc.

This maximizes the likelihood (see MoG)
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HMM estimation: remarks

See references in lecture notes for EM for HMM (aka
Baum-Welch algorithm) in full detail

EM converges only to a local maximum of the likelihood.
Good initial values are important!
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How to choose the structure of an HMM? Black magic ...
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Profile HMMs ACA - - -ATG
T C A A CT AT C
A C A C A G C
A G A - A T C
A C C G A T C

We saw that a weight matrix can be represented as a very
simple HMM

mg—hmj—hmg—h —m J71 . —h—h%j—-—mN

transition probabilities = 1
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Profile HMMs: insertions

A C A - - - AT G

T C A A CT A T C

A C A C A G C

A G A - A T C

A C C G A T C
Insert state

Model insertion(s) between position j and j+1
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Profile HMMs: deletions

A C A - - A T G
T C A ACTAT C
A C A C - A G C
A G A - A T C
A C C G A T C

Many transitions = many parameters, but limited data

Solution: introduce silent (=non-emitting) delete states

Wlete states

i
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Profile HMMs (2) ACA - - -ATG
T CAACTATC
A CAC A G C
: A G A - AT C
Put everything together: ACCG AT
AN
i
Applications: http://pfam.xfam.org/

- searching for remote homologs (Forward)

- align a protein to a protein family (Viterbi) e s
Lo
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Genefinding

Input: DNA string Se{a, C, G, T}*

Output: annotation of string S showing for each nucleotide

whether it is coding or non-coding

AAAGCATGCATTTAACGAGTGCATCAGGACTCCATACGTAATGCCG

genefinder

|

AAAGC ATG CAT TTA ACG A GT GCATC AG GA CTC CAT ACG TAA TGLCG



Genefinding: eukaryotes

splice sites: donor acceptor
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More complex than for prokaryotes: lower coding density
(<25% instead of >80%), splicing



Genefinding: many signals

Possible signals: splice sites, promoter, codon bias, polyA
site, dinucleotide usage ...

Possible models: everything you’'ve seen before ...

How to integrate all these models in one consistent model
that can be used for genefinding?

Solution: HMMs again!

Building blocks (=states): weight matrices, (inhomogeneous,

higher-order, interpolated) Markov chains, ...
| BiosB



Genefinding: HMM

Genes have a certain structure/grammar
. exon — intron — exon — intron — exon ...
Regular expression of gene structure:

promoter 5’UTR exon (intron exon)* 3’'UTR polyA

E
- HMM — ‘P =5U/“l\3U - pA

I

Genefinding = annotation with states: Viterbi




Length distributions

Length distributions of human introns and initial, internal and terminal exons
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Standard HMM: length ~ geometric distribution

Generalized HMM: states emit sequences + length




Genefinding: GenScan

frame-aware

Forward (+) strand

both strands - o

Reverse (-) strand

Exons: separate states for initial,

terminal, single and internal exons

GenScan: generalized HMM



Recapitulation

Hidden Markov models:
flexible models for modeling sequences

 Evaluation: forward algorithm
« Decoding: Viterbi
- Estimation: EM

Applications:
» Genefinding

Modeling protein families

Segmentation of array CGH data
SNP imputation in GWAS
Error correction in nanopore sequencing data
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10min break

Exercise 4.18-4.20
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