:Q‘ :“‘ I:E: : :..:
Q"“‘ sl NN ..0
00
“ BioSB
research school

L *
lllll

Machine Learning for Bioinformatics &
Systems Biology
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Clustering

Supervised vs. unsupervised learning

Hierarchical clustering

Sum-of-squares clustering (k~-means)

Cluster validation

Mixtures-of-Gaussians clustering (EM algorithm)



Supervised learning

Data collection

Sepal length
Sepal width
Petal length
Petal width
Class labels

5.1,3.5,1.4,0.2] [Iris-Setosa
7.0,3.2,4.7,1.4 | | Iris- Versicolor

6.3,3.3,6.0,2.5| | Iris- Virginica

Train
classifier
with
data
and
class
labels




Supervised learning (2)

30

Classification

N
O]
T

N
©

Petal width (mm)
E &

Versilcolor

0 20 40 60 80
Petal length (mm)




Unsupervised learning

Data collection

< )
5 s S c >
c B 235 o
Qo = oS ©
T © = — 0
SRR 2
O O O O R
N N Oaa @)
5.1,3.5,1.4,0.2]

7.0,3.2,4.7,14

6.3,3.3,6.0,2.5

Explore
data
without
class
labels:

PCA,
MDS,
clustering




Unsupervised learning (2)

30 .
Clustering

N
(9]

N
o

Petal width (mm)
5 G

0 ~20 40 60 80
Petal length (mm)




What is a cluster?

Shape: compact, convex  Shape: strings

Separation: large Separation: large?
Shépe: ? Shape: Ioos'e, cbnvex
Separation: large? Separation: small

Shape: convex and circular
Separation: large?

Shape: loose, convex
Separation: small



What is a cluster? (2)

Clustering: finding natural groups in data...
- which themselves are far apart
 In which objects are close together
Define what is “far apart” and “close together”:
* Need a distance measure or dissimilarity measure
» This measure should capture what we think is important for the

grouping
« The choice for a certain distance measure is often
the most important choice in clustering!

There is no such thing as the objective clustering

"BiosB



What is a cluster in bioinformatics?

Clustering gene expression data:
Genes: similar ~ co-expression ~ co-regulation ~
same pathway / same function

Proteln/proteln complex
Genes

DNA regulatory elements
..... —__0O._....

"""

IIIII

Samples: similar ~ same type of tissue
Used for discovery of new subclasses (subtypes) in tumors






Example: genes (and samples)

»

al;

Clusterning of -5,000 significant ganes

Lymphocytic infiltr

£ 3 mm negative
(7p) —
() g ey
Sl o 1 positive
5 g
sl | |
o| | histopathological data
“Mos &1

genes co-regulated with
ER, some of which are
known ER target genes

Van ‘t Veer et al, Nature 415: 530-536 (2002)



Example: samples

Valk et al, N Engl J Med. 2004 Apr 15;350(16):1617-28.
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Dissimilarity measures

d(AB) d(A,C)]
0 d(B,C)
0

10 11




Dissimilarity measures (2)

Let d(7,S8) be the dissimilarity between objects » and s
Formally, dissimilarity measures should satisfy

d(r,s)>20,Vr,s
d(r,r)=0,Vr <
d(r,s)=d(s,r),Vrs

‘@
If in addition, the triangle inequality holds, the
measure is a metric \
@
d(r,t)+d(t,s)=d(r,s),V r,s,t r

Most often used: Euclidean distance (metric)



Dissimilarity measures (3)

- Example: time series data

(squared) Euclidean distance T~

n
2
d(Xl., Xj)zz(xi,f_xj,t e
t=1




Dissimilarity measures (3)

« Example:

time series data ~

Euclidean distance
match exact shape

n
2
d(x;, X;) = Z(xi,t —X,,
t=1

d®®) < dO, )
dO®.0) < de.0)
00 < 0.0)




Dissimilarity measures (3)

- Example: time series data

Euclidean distance
match exact shape

n
d(Xw Xj) = Z('xl’,t X i
t=1




Dissimilarity measures (3)

- Example: time series data

Euclidean distance
match exact shape

n
2
d(x;, X;) = Z(xi,t —X,,
t=1

d®®) < dO, )
dO®.0) < de.0)
00 < 0.0)

X:

b b

Pearson correlation
ignore amplitude

d( @
d @,
d( @,

Py = Zn:(xi,t - lui)(xj,t - 'uj) 00,
l_pij t=1
) ~ d(@,)
) << @.0)
) << d(@.@)




Dissimilarity measures (3)

- Example: time series data

b b

Absolute correlation
ignore amplitude & sign

Euclidean distance Pearson correlation
match exact shape ignore amplitude
d(XZ., Xj):Z(Xi,t _xj,t 2 | Py :;('xi,t_ﬂi)(xj,t_ﬂj)/aiaj
t=1 —,Ol-j

(@®0) < o) de®) ~ de, )
(90) << doe) d4deso) < d0.0)
(90)<< dO0O®) dJdO0) << J(0.0)

d9.0)
) << d(©9.9)



Clustering techniques

Cluster problem

Y

Partitional Hierarchical Graph
Techniques Techniques Techniques
Mixture of Single Average || Complete Minimum
K-means . . : : :
Gaussians linkage linkage linkage spanning tree
Within : : o Object
scatter Density Inter-object(cluster) dissimilarity dissimilarity

"BiosB



Clustering techniques (2)

Cluster problem

Partitional
Techniques

'

ni

Hierarchical
Techniques
&= 1 cluster
&= ) clusters
&= 3 clusters
&= 4 clusters
O OO O—=0 )X



Hierarchical clustering

Input: Output:
 dataset, X: [n x p], or directly: » dendrogram
e dissimilarity matrix, D: [n X n]

* linkage type

4.5 sl
3.5 .¥1 x5 %4-
%25— X » §3
£ g 20 . ° é’z
1.5 x3 x4
1 1 o
g 0
0 1 2 3 fe;tureis 6 7 8 x2 x3 xl X4 x5



Hierarchical clustering (2)

Algorithm (agglomerative clustering)
- Start: all objects of Xin a separate cluster

 Clustering: combine the 2 clusters with

the shortest distance in dissimilarity matrix, D

« Distance between clusters is based on linkage type:

single, complete, average, ...

« Repeat until only 1 cluster is left

"BiosB



feature 2
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Hierarchical clustering (3)

Dataset

S
T

o
T

N
T

[y
T

Euclidean distance matrix, D

X1 X2 X3 X4 X5
xr 0.00 [1.58] [1.76] [5.22] (4.53
X5 0.00 0.74 5.50 5.10
X3 0.00 4.81 4.48
X4 0.00 1.12
X5 0.00




		

		x1

		x2
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		x4

		x5
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		5.10
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		0.00
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Hierarchical clustering (4)

- Step 1:
Find the most similar pair of objects: min; , {d(i,j)} = d(2,3)

X1

X0
X3

o
-
[\

feature 1

X1 X2 X3 X4 X5
xy 0.00 1.58 1.76 5.22 4.53
X2 0.00 5.50 5.10
X3 0.00 4.81 4.48
X4 0.00 1.12
X5 0.00




		

		x1

		x2

		x3

		x4

		x5
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		0.00

		1.58

		1.76

		5.22

		4.53



		x2

		

		0.00

		0.74

		5.50

		5.10



		x3

		

		

		0.00

		4.81

		4.48



		x4

		

		

		

		0.00

		1.12



		x5

		

		

		

		

		0.00






Hierarchical clustering (5)

Step 2:
Merge x, and x; into a single object, [x,, x;];

: 5
18 I - 01 |

N

Dissimilarity
R N U W

|

0.74

o
6]

o

X X, X3 X4 Xs

"BiosB



Hierarchical clustering (6)

Step 3:
Recompute D —

what is the distance between

5

[x,, x;] and the rest?

4.5

4_

3.5¢

feature 2
- )
= (95 ] N (8] w

=
(%]
T

X1

X5

@

®

X5, X5]

o
o

feature 1

"BiosB



Hierarchical clustering (7)

- Step 3:
Recompute D —
single linkage: d([x,,x;],x,) = min(d(x,,x,),d(x,,X;))



Hierarchical clustering (8)

- Step 3:
Recompute D —
complete linkage: d([x,x;].x,) = max(d(x, x,),d(x,X;))

X1
X5, X5]
X7
X3



Hierarchical clustering (9)

- Step 3:
Recompute D —
average linkage: d([x,.x;].x,) = mean(d(x,,x,),d(x,.x;))



feature 2
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T T

Hierarchical clustering (10a)

Step 3:
Recompute D — single linkage:

X1

X0
X3

o
-
[\

feature 1

X1 X2 X3 X4 X5
xy 0.00 |1.58 1.76| 5.22 4.53
X2 0.00 0.74| 5.50 5.10
X3 0.00| 4.81 4.48
X4 0.00 1.12
X5 0.00




		

		x1

		x2

		x3

		x4

		x5



		x1

		0.00

		1.58

		1.76

		5.22

		4.53



		x2

		

		0.00

		0.74

		5.50

		5.10



		x3
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		4.81

		4.48



		x4

		

		

		

		0.00

		1.12



		x5

		

		

		

		

		0.00






Hierarchical clustering (10b)

- Step 3:
Recompute D — single linkage:

X1 | [X2,X3] X4 X5

X1 0.00 | 1.58 | 5.22 4.53
[X2,X3] 0.00 4.81 4.48
X4 0.00 1.12

X5 0.00




		

		x1

		[x2,x3]

		x4

		x5



		x1

		0.00

		1.58

		5.22

		4.53



		[x2,x3]

		

		0.00

		4.81

		4.48
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		1.12



		x5

		

		

		

		0.00
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Hierarchical clustering (11)

Repeat, step 1:
Find the most similar pair of objects: min; , {d(i,j)} = d(4,5)

N w > [%2]
T T T T

-
T

X1 [X2,X3] X4 X5

xl ]
o Xs x1 0.00 1.58 5.22 4.53

. |
[X2,X3] 1.58 0.00 4.81 4.48

X5\ Y]
> X X, X4 5.22 4.81 0.00
X5 4,53 4.48 1.12 0.00

(=]

feature 1



		

		x1

		[x2,x3]

		x4

		x5



		x1

		0.00

		1.58

		5.22

		4.53



		[x2,x3]

		1.58

		0.00

		4.81

		4.48



		x4

		5.22

		4.81

		0.00

		1.12



		x5

		4.53

		4.48

		1.12

		0.00






Hierarchical clustering (12)

Repeat, step 2:
Merge x, and x; into a single object, [x,,x:];

- #
SR,

Dissimilarity
N

|
= ul N 8] w
] T T T

1.12

o
6]

o

X X, X3 X4 Xs

"BiosB



Hierarchical clustering (13)

Repeat, step 3:
Recompute D (single linkage):

X1 [X2,X3] | [X4,X5]

x1 0.00 1.58 | 4.53

[X2,X3] 0.00 | 4.48
[X4,X5] O . OO




		

		x1

		[x2,x3]

		[x4,x5]



		x1

		0.00

		1.58

		4.53



		[x2,x3]

		

		0.00

		4.48



		[x4,x5]

		

		

		0.00






Hierarchical clustering (14)

+ Repeat steps 1-3 until a single cluster remains

5 w w w . . . w w 4.5
4.5 4t
Y 3.5/
3.5¢
z 3
~ 37 =
v £2.5¢
S2.5¢ =
= £
Q |
L5l 1.5 ﬁ
1 1
0.5 0.5 |
% 1 2 3 4+ 5 & 7 8 0
feature 1 xl x2 x3 X4 x5



Hierarchical clustering (15)

Dendrogram

Dissimilarity
matrix
5 T T .
4.5+
4 CUT
X1
~ 3 xs
%2‘5% ®
X,
1.5 x
1 x3 4
0.5+
06 1 2 é 4 5 7|

feature 1

o o=
o A G

N

Dissimilarity

=
= Ul N a1 W
T T T T T

o
o 6]
T

- CUT

Clustering




Hierarchical clustering (16)

Hierarchical clustering: repeatedly group closest clusters

Important choices:

- Distance measure
between objects:
Euclidean, correlation,
Hamming, Minkowski, ...
- Linkage
between clusters:
single, average (centroid), complete

Single
linkage

Complete
linkage




Linkage and cluster shape

Complete linkage

Single linkage



Linkage and cluster shape (2)

Complete linkage

Single linkage

"BiosB



Linkage and cluster shape (3)

Complete linkage

Single linkage

"BiosB



Linkage and outliers

Single
linkage

Complete
linkage




Hierarchical clustering examples

Euclidean, complete linkage

0.9r

0.8+

0.7+

0.6

0.5

0.4

0.3+

0.2

Ll b i Lk T o

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO

1
0.8}
No.6}
o
=
m L
20.4; .
0.2‘ * o
O 1 L 1 |
0 0.2 0.4 0.6 0.8 1
Feature 1




Hierarchical clustering examples (2)

0.9-
0.8-
0.7}
0.6
0.50
0.4

0.3F

pilind

0.2

0.1

Euclidean, complete linkage

|—L

=
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w N = O O AOCOCO-ORUNT O

3
o

Feature 2

=
N

=
N

Feature 1



Hierarchical clustering examples (3)

0.18f

0.16

0.14+

0.12¢

0.1~

0.08r

0.06r

0.04r

0.02r

Euclidean, single linkage

w N O ROWOUTTOORS

|—I.

o o o
EhY o) co

Feature 2

=
N

-

o

0.2

0.4 0.6
Feature 1
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Hierarchical clustering (17)

Advantages:
« dendrogram gives overview of all possible clusterings

* linkage type allows to find clusters of varying shapes (convex and
Nnon-convex)

- different dissimilarity measures can be used

Disadvantages:

- computationally intensive:
O(n?) in complexity and memory
* clusterings limited to “hierarchical nestings”

"BiosB



Hierarchical clustering: warning

Cluster 500 genes, 5 arrays:

Dendrogram (Euclidian distance)

G0

| CUT

40

Height

30
!

6 clusters

dist{tidata reduced))*2
compete linkage

Data were random ...

Array 2

Validation is needed

"BiosB



10min break
Exercise 4.1-4.7
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Sum-of-squares clustering

Hierarchical:

Dissimilarity
matrix

Dendrogram

Sum-of-squares:

1. Data
2. Criterion
3. # of clusters

Clustering

Clustering




Sum-of-squares clustering (2)

Recall from Day 2 (& 3) (Fisher: within and between scatter):

c n,
S =Zi=1—12i (n,=3,n,=2,n=5,C=2)

S, Z (m —m)(m, m)mz

ox1
X
5
o
" m
1 -——— g - m,
X® O
O
X3 X4



K-means

*  Minimize:

1 g
Tr(Sy) = — DS,
n; n j2=1
Sj = Z X; -mj‘

1

Number of clusters (g)



K-means (2)

Iterative procedure to search for min(Tr(Sy)):
1. choose number of clusters (g)

2. position prototypes (m,, j=1,...,g) randomly
3. assign samples to closest prototype
4

compute mean of samples assigned to
same prototype: new prototype position

Repeat steps 3 and 4 as long as prototypes move

"BiosB



K-means (3)

« Step 1: Choose number of clusters/prototypes
- Step 2: Position prototypes randomly

m
1 xl
O m,
st
x,® ®
» X,
X3



K-means (4)

- Step 3: Assign samples to closest prototype

m
g *m
2
0x5
X, ®
Xy



K-means (5)

- Step 4: Compute mean of samples assigned to same
prototype: new prototype positions

*ml xl




K-means (6)

- Repeat as long as prototype positions change:
- Step 3: Assign samples
- Step 4: Recompute prototype positions



K-means problems

m, -
°® 2
X, .
X5
[ ] [ ]
o x, m;
X, X, 4
nt;
X1
X5
m,
X,® o
2
.x3 x4
m,

Clustering depends on initialization

W

X1
[ ]
X5
) [ ]
;"1
Xs
x. [ ]
2 .x3 X,




K-means problems (2)

Algorithm can get
stuck in local minima

Solution:

- start from [ different
random initialisations f #-

- keep the best clustering
(lowest Tr(Sy,))

* For high-dimensional data, many restarts can be
necessary (e.g. / = 100)



K-means problems (3)

Clusters can loose all samples

m
[
X, .
X5 m,
[ ® [
X X4
2 X, m,

Possible solution:
- remove cluster and continue with g — 1 means

- alternatively, split largest cluster into two
or add a random cluster to continue with g means



K-means example

457 Iris dataset
(all 4 features)
40
’g o o
<35 ’
= e oo
i, ° .co .ooo °
;30 ® oo .oo:o. oo o0
Q ::o .:oioo. ° = °
8 ° e o 0o oo
e o °
25 . ove . .
. .
o @
20 PY 1 1 |
40 50 60 70 80

Sepal length (mm)



Advantages/disadvantages: K-means

Disadvantages:
* Finds only convex clusters (“round shapes”)
« Sensitive to initialization
« Can get stuck in local minima

Advantages:

* Very simple
- Fast

"BiosB



Recapitulation

Clustering is way to detect natural groups in data
What is natural is partly subjective

We looked at:
 Hierarchical clustering
«  Sum of squares (k-means) clustering
Hierarchical clustering:
« dendrogram shows a complete hierarchy of possible clusterings
- computionally intensive
K-means
- fast
 sensitive to initialization and local minima

"BiosB



Cluster validation

Cluster validation:
« Checking whether grouping is really present
« Choosing the optimal number of clusters

A difficult problem — the ground truth is not known
(since we do not know the object labels)!

Methods:
 Distortion measures:
Does clustering approximate structure in data?

- Validity measures:
Davies-Bouldin index

* Fusion graph
- (Gap statistic

"BiosB



Distortion measures

* How well does a dendrogram capture structure in data?

4.5 d*¥ X1 X2 X3 X4 Xs
4_
3.5¢
X1 O d3 d_?,
2 ?
525
e X2 0 d,
ng- >d3 X
3 0
1 | —
0.5 | | ‘ 1 x4 O d2
0
X| X, X3 X4 Xs Xs 0




		

		x1

		x2

		x3

		x4

		x5



		x1

		0

		d3

		d3

		d4

		d4



		x2

		

		0

		d1

		d4

		d4



		x3

		

		

		0

		d4

		d4



		x4

		

		

		

		0

		d2



		x5

		

		

		

		

		0






Distortion measures (2)

Measure of distortion: Pearson correlation of d and d*

¥
o(d.d’) = cov(d,d ) _ e[-11]
\/ var(d)var(d )
d*
X1 X x3 X4 X5 X1 X2 X3 X4 Xs
x; 0.00 1.58 .76 5.22 4.53|x1 0 4 ds
X2 0.00 .74 5.50 5.10|x 0 d,
X3 .00 4.81 4.48|x3 0
X4 0.00 1.12| X 0 d,
Xs 0.00||xs 0
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Validity measures

Many are based on within and between group scatter

The larger the between group scatter and the smaller the within
group scatter, the better

Example: Davies-Bouldin

0 0.

0.4 104

0.3 103

0.2 102

0.1 Z f O.A
10 5 0 5 10 15 -10 -5 0 5 10 15



Davies-Bouldin index

Assumption: clusters are spherical

For a good clustering, it should hold that:
* objects are compactly organized within a cluster
* clusters are far apart

D.L. Davies and D.W. Bouldin, IEEE Transactions
on Pattern Analysis and Machine Intelligence 1,
pp. 224-227, 1979



Davies-Bouldin index (2)




Davies-Bouldin index (3)




Davies-Bouldin index (4)

o.+0,
jk
H”j_:”kH

R. = max R.
I k=l,.gk) Jk




Davies-Bouldin index (5)

R

R

J

[DB

o, + 0,

= max R.
k=1,

— 1
4

gik#]

g
2R,
j=1

"l

jk

Paired cluster criterion

Worst-case value per cluster

Average worst-case
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Davies-Bouldin index (5)

10 J% ‘
fﬁ 1l :'Itffjr!j Ai\ﬁ Al ﬁﬁ@ﬁs

Complete link

o i
3]
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e
~

o«
n

Davis-Bouldin index
o o
B (=)}
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o
w

o
o
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Davies-Bouldin index (7)
Single link

0.35¢
0.3
0.25
0.2
0.15

e® oo *® o L/ 0.1}
°e ® ...... °¢ #% T ’—L—‘ﬁ |

O'szlﬂlnrﬁq[ﬂ Wnﬂmiﬂﬁﬁ
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o
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e
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5 10 15 20 25 30
Number of clusters
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Fusion graph

* Heuristic approach: fusion level

W

N

5
4.5
4 4
3.5+
2 3 Cut here: __ Large jump< 3
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Fusion graph (2)

(Euclidean; complete linkage)
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Fusion graph (3)

(Euclidean; complete linkage)
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Fusion graph (4)

(Euclidean; single linkage)
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Fusion graph (5)

(Euclidean; single linkage)
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What is a large jump?

Compare the fusion graph of the dataset with a
null hypothesis, i.e. a dataset where the clustering
structure has been destroyed

Different approaches:

- Generate random data
within bounding box or
convex hull of data;

Feature 2

« Preferable to shuffle data, i.e.
not generate new data, but R N
perturb relationships between measurements

* For example, randomly match feature values, i.e.
permute values within columns



The gap statistic

Generate dendrogram and extract fusion graph,

Repeat r times
1. Perturb columns
2. Generate dendrogram and fusion graph, fj,,,

Compute average u and
standard deviation o; “of these perturbed graphs

Compute the dlﬁerence between the data fusion graph
and the average perturbed fusion graph (gap statistic):

gf“p:max{f ,u],} =1,2,...,2

Look for large values of gap statistic ggap fi

"BiosB



Gap fusion graph (single linkage)
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Gap fusion graph (single linkage) (2)
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DBI vs. fusion graphs
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Recapitulation

Cluster validation is used for:

« Assessing clustering
« Deciding on the number of clusters

Methods:
 Distortion measures (dendrogram)
« Davies-Bouldin index
« Fusion graph and gap statistic

When applying cluster validation, one also needs to define
what a good cluster is — like in clustering itself.
There’s no free lunch...

"BiosB



Lunch break
Exercise 4.8-4.16

‘ % "l: 4
¢ "“ ..... :'..
~ 0 .0
research school
*
% % o
RO



Clustering overview

1. Hierarchical:

Dissimilarity
matrix

Dendrogram

2. K-means:

1. Data
2. Criterion
3. # of clusters

)
)

Clustering

3. Density-based:

1. Data
2. Model,\P
3. # of clusters

Clustering

)

Estimate V'~
Clustering




Density-based clustering

- Each cluster is described by a probability density function
- Total dataset described by a mixture of density functions
+ Clustering = maximizing the mixture fit

* Clusters are based on a posteriori probabilities

1 Llrl .llk (.I'J I{) Ill o = N W LY 0]
(]




Density-based clustering (2)

Given:

* nindependent objects: {x,,...,.x, }
 probability density function model: )

p(x|0)~N(u,Z)

Estimate parameters 9= {u, =}
such that model fits data

Use likelihood as criterion: probability of
observing the data set, given the model
(as on Day 1, for kernel width % in Parzen density estimation)




Estimation: maximum likelihood

« General method to estimate parameters 6 of probability
distribution from data D = {x,, ...,x.}. How?

«  Maximize joint probability of the data

_Independence
likelihood: l .
L=p(x,..,x, = | 0) ><
i=l1
log-likelihood: 110X SO
AN
LL = ZlogZp(x 0|0) —— o 0 & o

same solution since log is
monotonic " BioSB



Estimation: maximum likelihood (2)

Two possible outcomes: x=0or x = 1.
Success (x = 1) occurs with probability p

Bernoulli distribution:  P(x) = p*(1- p)"™

Likelihood: P(X,=x,.,X =x|p)=p" (1_p)1—xlmpxn (1_p)1—xn

=pi(d=-p)""
|

d(p"(1-p)"™) —0 # of successes
dp

Maximum at p = n,/n



Mixture-of-Gaussians

Choose Gaussian as component density p(x;0,):

= : exp(—l(x—,uj)TZjl(x—,uj)j
\/27rpdet(2j) 2

Describe complete data set as a mixture of p(x,0)’s:

8 g
p;¥)=> 7 p(x;0,) with Dz =1
j=1 J=1

px;0,)

O={u, T}




Mixture-of-Gaussians (2)

g g
p(x;\P):anp(x;Qj) with an =1
j=1 j=1

Parameters:

« Set number of clusters, g

« Estimate other parameters by maximume-likelihood:

Y = (71', H:{,ujazj}j:l...g)

mixture coefficients

JL

n g
log-likelihood: LL(X;¥)= Zloanjp(xl.;Qj)

component density parameters

i=1

J=1




EM algorithm

Problem: need to simultaneously estimate two interdependent
things...

» Cluster membership of each object T Yy
. joljo &,
« Density parameters of each cluster:

Expectation-Maximization algorithm:
« General class of algorithms for this type of problem
* Repeatedly:
Recalculate cluster membership of each object (E)
Recalculate density parameters of each cluster (M)

Introduce a hidden variable z to explicitly indicate mixture components

m,=p(z=))



Intermezzo: probabilities

d|e1 (] o O 00 [ N N ) (] [ )
die 2

n =20

1 2 3 4 5 6
sum rule: P(x)= ZP (x, )
Y

1/5=P@3) = P(3, die 1)+ P(3, die 2)=3/20+1/20

productrule: P(x,y)=P(x|y)P(y)=P(y|x)P(x)

3/20 = P(3, die 1) = P(3|die 1)P(die 1) =(3/11)(11/20) =3/20
=P(die 1|3)P(3)=(3/4)(4/20)=3/20
' BioSB



Intermezzo: Bayes’ theorem

From product rule

P(x| y)P(y)=P(y|x)P(x)

P(y|x)P(x) __P(y|x)P(x)
P(y) Y. P(y|x)P(x)

P(3| die )P(die 1) _ (3/11)(11/20)
P@3) 4/20

Bayes: P(x|y) =

P(die 1] 3) = =3/4




EM algorithm (2)

arbitrary distribution  hidden variable

> |
log p(D) =D log p(x) =) > 4(2) log p(x)

S a2 tog 22 3 ) log Lpo«,z) : q(z)]

p(z|x) p(zlx) q(z)
N p(x,Z)j A ( q(2) j
;qoog( o) )Tl

= F(pjoinUQ)_'_DKL(q || ppost)
free energy relative entropy (= 0)



EM algorithm: E-step

log p(D) =Y 4(2) log (p(x’z)]{q(z) log( 9(2) j

q(2) p(z|x)
DKL__ F(p,q)
log(P(D | 6))
log(P(D | 6)) =0 (Gibb’s inequality)
F(p,q)
E-step
E-step: ¢™" (2| x) = Ppoy = P(2] ¥)



EM algorithm: M-step

log p(D)=Y p(z|x)1 p(x’z)j
og p(D) XZ’ZJP( | x) log (p(zlx)

M-step: maximize log[p(D)] with respect to the parameters

a F(p.q) F(p.q)

log(P(D | 6)) log(P(D | 6))
F(p,q)

E-step — — M-step Blo s



EM algorithm (3)

lterate to maximize likelihood:

E-step: p.. = P(z]x,0)

Calculate the distribution of the hidden variables given
the data and the model parameters

M-step: 6" =argmax Zp(z | x) log p(x,z|8)
0 X,z

Maximize the expected (with respect to hidden variables)
log-likelihood of the complete data.

n g
Compare M-step with MoG log-likelinood: Y log> m p(x;;6,)
=l =l

M-step is easier: log within sum BI.OSB



EM: mixture model

Very simple example of a model with hidden variables:

\\\\\\\\\\\\\\\\\

2-component mixture model T

p(x)=mp (x|0)+7m,p,(x|0)

hidden variable z=1,2 - component label

p(z=j|O)p(x|z=,0) 7;p;(x]0)
p(x]0) p(x)

responsibility

E-step: p(z=j|x,0)=

M-step: maximize ) p(z|x) log p(x,z|6)
x,ze{l,2}



EM: mixture model (2)

Initial Configuration

Initialization
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EM: mixture model (3)

Initialization
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EM: mixture model (4)

M-step: Maximization
Maximize the expected complete LL by updating
- mixture coefficients 7
- cluster means and covariances 9={u, 2}, j=1,....9:

7 :lz;p(z =j|x) :%Zf_lwg} “total membership”

/:2- Zz] l] l \
J
le lJ

. _ Do w(x,—A)(x - ,)"
J Zzl lJ J

> weighted sums

"BiosB
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EM: mixture model (5)

Initial Configuration
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EM: mixture model (6)

MMMMMM

AAAAAAA
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Mixture-of-Gaussians (3)

« ‘Gauss’: -0 - -
Z= 11 12
0,1 Oy

+ ‘Aligned’: — -
J 5 g, 0
1o 0,

« ‘Circular’; - ~
Q o 0

Y =

0 o




EM: mixture model (9)

If...

- all clusters are spherical
 the variance of each cluster is infinitely small

g 0 0
=0 & 0|, &0
0 0 &

then the EM algorithm simplifies to the K-means algorithm

(samples are always assigned to the closest cluster!)



EM algorithm (4)

Disadvantages:

» can get stuck in local minima
« depends on initial conditions
* convergence can be slow

« problems with covariance estimates:
if too few samples are members of a cluster,
there will not be enough data to base estimate on

Advantages:
* simple to implement

"BiosB



Cluster validation: log-likelihood

For probabilistic models (e.g. mixture-of-Gaussians):
* Log-likelihood will probably not increase anymore

when too many clusters are used

« Look for “plateau” in log-likelihood graph

1
N o N A o ®
+ =

2 0 2 4 6 8

LL1O

8

6 L

4

2

012345678910

Problem: when g = n, the log-likelihood is infinite;

Solution: information criteria (Day 5)



Recapitulation

Density based clustering:
« Assume a probability density function per cluster
 Train using the EM algorithm

Example:
« Mixture of Gaussians

- But many probability densities fit in the same framework
principal component analysis, factor analysis, ...

EM algorithm:
« problem decomposition: simple to implement
 sensitive to local minima

"BiosB
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Hidden Markov models

Regular expressions & weight matrices
Dependencies & Markov chains
Hidden Markov models

HMMs & EM

Profile HMMs

Genefinding

"BiosB



Application: genefinding () (=) ?

Esng]+

(single-exon

ARGGATCTAGEE AGA B TACCCACCOCCTETPICTGTTTCATCE TEEECATGTCTCOTCT GECTITRTCN00
TRGATGAAGTCTCCATGRECTAC RTCC B RRCAGC ARG TGO T AGCTCTCOC TECC CTTOC RO ARG TC TRG G TG TREG ASGE G TR TCCAGCCTICAG
CRECATGHES AGGACCTTEGTCAGCCTCTGEETAOC AGCAEEEC CTEEFGARTEA TOCCCAGECCC ARG CTTRCCACCTGC ACCC GG ASAT
CTETGTCALE ATGTGGE TOCCEGTT GTCTTCCT CACCO TETCC CCAGCCCTGACTGTCRBGCTGASGCTCTTTOCCG
CCRRCCCAGE ACCOCRECOC AGACASHG AR T GECTC TTT TCTOTC TC PC CAGCCOC ACT TE BUGC CC ATACCCCC RS TCCCC IO CATAT TR CAAC AGTCO TC ADTCCCAC ACCASETCITC GO TOC
TCCCACTTACCCC MG RRCTTTC T OO AT T 6C COAGC CASCTCOE THC POC C AGC TGO T A TA A GG S ARG TTC CTESGC AT TCCOTGT PIC TC T PTG TG GGE CTC RARACCTCC AAGG ACCTCT
CTCRRTGCCATTGOTTCCTT GG ACCETATC RO THETCC ATCTCCTE RGCCUC TC ARTCC TAT CACAGTC T ACTGACTT PTCCC AT TC AGCTE TG ROTGTCCARC COTRTC COAGAG RECTTGATGC TIGE
CCTCCCARTCTTGOCCTRGG ATACCCAG ATGCC ARCCAGAC RCCTC C P TCT T TC CTASCCAG BC TATC TG GO TG AGAC RS AR TG (6 TOC CTCASTC TRAC ARTGE GACTC TG AGRRC TCCTC ATTCC
CTERCTCT TRGC OO0 AG ROTCTTCATTC ASTGE COC AC AT TTCOT T AG GARARRS TGRS ETCO G0 A CE S AR TGC CAGC T CTCT G AS T COC AARTC THC ATCCT PTG ARARCC TARRARCARR
ARGRARRACHARTARRRCRARACCRRCTCAG ACCAG ARCTOTTTTC To RACCTGGEADTTCC TARRCT TTCC AR ARCC PTCOTCT IO CAGCARC TRARCCTCECC ATRRG GCACTTATCCCTRETTCC TR
GCACCCCTTRTCCOCTC REARTCCAC ARCTTET ACC ARGTT TCCOT TE TCCC AGTCC RAGAC CCARATC ACCAC RRAGE A CC AT CCCCAGACTC ARG AT RTGHTC TR GEC G TETCTTOTE TCTCCT
ACCCTGATCOCTGO6 PTC RACTCTGCTC oD R RSCATG ARG COTOTCC G AGC AL AGCC AL BACC TGCRARC CTAGEGARG ATT G A G R TTC GG AGCC TT TOCCAGCTCCCOCTHCIT AT TOCG
AGGACTCCCAGCCTTGE FICTC TEC O COFTRTCTT T TC ARRC COAL ATCCT ARRTCCATCTCE TRTC TG AST OO COC kG TTCCC 0D TG TCARC COTGATICCC CTGATC TASCACOC DO TCTEC RS G

CTECECCCCTEATOCTETOTC A5 ARG RTTCOC AACCC TG0 AGGTOC T TG TS L0 TS T L6 TH G ASE S ROTCT RS 6o GG TS TTCTE CTECACCCOC A TOSET
COTCACAGCTGOCCACTGOATE ACG A AGTG AGT AEGGECOT GEG0TC PR OGG AGCRECTCIC TR TG TCC AG ASG AMT BACAGCTCEGC AT M COCC AGGAT ARCCTCT RRGGCCACC TG ACTCG
RAGTTCTGETTCAGGTCAL TGOACCACCC TECCCATGECTGCCTEEETETC COTC

TRECTARCTEGCTTIC PO G TGTG R IO T ST GGG BT OO CATRT O OO GO CTC T PTG TG COTCTCTRGD
TCACCCTGTATCTCTCTGOC AGGOTCT CICTCT GO T POT GTCTE ACC PR GCCPTCTCOC PACT G A D A ACGCACGEGAT GG E0CTGOEGE AT C T GAG AR AGE ARGEGCT MIGEC TEEECECEET
GGCTCACACCTGTARTCOCAGDAL CRRGGL) BGGTC CRBCCTGGLCA COCATCTCTACTRARARTAC ARAR BATTAGCC AGGE
GTPGOTGECES ATGOC PG TASTCCC CRTTGRACC :AGTGAGOCGAGACCEPECCACTGE ACTOD AGCOTGEGTG G AGAG TG AGAC
TOCGCCTCRRARRRRRRRRARARAREARRARRERRARAGARRAGRARRS RRRRGGR. oo CCCTCTCRCTOGH
GGACATCCCTCCACTCT TOGGAGAC AT AGAG ARGEGCT GETTCCARCTEGAGT SBT AEGAGH. A AGGACCCTGGGHAGCG
ARGTGGAGGRTAC ARCC TTGGECCT GG AGC ABGCTACCTACCC AC TTRGR A RCCE ACGCC A RARC CGT ATCT RC AGC TR AGC AT CT G ABGCCTC CLCTECC O GGG TOCCOACT G AGCTCC RRRGT
CTCTCTCCCTTTTCTCTCOCACACT COCCGGATTCC TCATTCTTCCTTTGACT TCCTECTTCCCT TTCTC ATTCRTC TGT TTC TCACTTTC TGCCTGE TTI TRTTCTT

CTCTCTCTCTTTCTC TRGOCCATCTL! TCRTCL! BECTCACT ACTCTTCTCCCCTCTECOCTTTCATTCTC TC TRCCCTTITR
COCTCTTCCTTTTOCCT PRGTTCTC TG AGTTCT GTATCTRCCCTTC ACCCTCTC A ACTGOT T TT COC ARCTCG TG TO TG T AT TT TG GO0 TG RAC TG TGTC T T COC RRCOC TG TGT TT TCTC ACTGTT
TCTTITTC IO T T MG GASOC TCC e CT TG TEC FoTGTCOC T TC TS T T C CTTAT CATCE TGRS TC CTCRT TCCTE L TE TG C TTCC PO CO RS ARk ST BT AT CT TEC TEGET LI GIAC AR DTG
TPTCATCC TS ARG AL RC REGCCAGSTATTTC AGHTC AGCCAS AGCT TC CCAC ACCOGCTCTACG AT ATG AGCC T CTE RREARTC GRTT COTCAGGC CAGHTE ATGAC TCCASCCACSRCCTCRTECTGC
TCCGCCTHTE AG AR CTGOC G AGCT CAC R A TR C TG TG ARG G TC AT 66 AT TGL CEAC T CAG FART AR ACT GG GEACT BCC TG T AC GO TC REGC T GRAEC AGCATTGRACT AGREG AGTGTACGCT
GOGCCAGATEHTGCRGCCEGGAGCCAGATE L TRGGTC RGGACTCL SRS AR AECCCRCRLS CTESCC
COTRAGTCTTS ACCOE RRRGARACTTC S TS TETSEACC TOC RTGTT AT TS AT ACG TS T GRS G ARGTTC ACCC TC hE ARG CT G AL CARG PTC AT GUTE TE TR TE GRS GL TG A MGG EECRRR
AGCRCCTGCTCGHTE R TOATCCOTACTOCC ARG RTCT TGRS GG ARG E TG AGTGOG ACCTT RATT CT GG G0 T GO0 TCT MG ARG 0 AR ARG COTCTGLCTCCOOT G TOC CCAGC TR TAGCCRTGCC
ACCTCCCCETGTCTCRTCTCATTOCCTCOTTCCCTC TTCTT THACTCCC T ARGGE DA AGCACRRCTC CTGCGTTCAGCAL ACGETTACTRSGCACCTECTATGCRCD
CRGCACTGCOCT AGRGCCTGGE ACATAGCAGTE ARC AG ACAS AGASC ABCTCCTCOC PTCTG TAGS GO CC ARGCCASTGAGEGGT I AGGCAGE RRC AGGEAC T AT ARC R BE AR MSCTGOAGEE TETC
AGGRGGTGRTC AGACTC OO GGG RIS AR RGE ETGEGERRTCTS RC TOGG AGGRE AT ATCCTEE AG ARGE TG GRG TG REC AR AC ACCTECECASGEGASEEE A GLCTECEGCACC TORGEEASCR
RGGEARC BGCATCTSOCCABECT o BGGRGD TSGCTGERETGR AGEGTGC RBRSGROCCETEOT G0 ASE0
COTCAGCTCEG00 A BEGEEGAC A TG L P IS CTC TG AGG B TCAG G RS TG TG ATGOTG CTES AC MG AR C ADG A ARG GC 0 IS 60 TCAGE TET GO MG G TAC G PEG OO TG TATGE G ATCRG R
CTGC = CC RGO ATTGTCCCCACC TG G G0 CC PTACCCASCC IO CTC ACAGGCTCCTGRCCOTEAGTCTCTE
CCCTCCACTOC APICTCC RS CTACCCAC ASTGATC ATTCT GATCAC LG AAC TG ACC ATGEC G Lo CTRC Lo ATGOTCCTCC ATG 00 TO COT R TEC CO TR i AGGRGE TOTCTACTCAGAS RETASTC
TECRAGGTE A PCCTGCAG AT GOTCCTCGCCC TG TCCD ACCE ACC TGO AC ARG G ACT GTCOTCOTGE AC COT CCC T PGC ACAG G A CTGGACCO T AR
GTCCCTTCCT ACCOECE REG AC TGS MG COEC TACCC CTC TG PTG GAR T Lo T GC CE ASC TTC PTG ARGTCSGCTC TEGAG AC KT TTCTC TC PTC TTCCARAG TG 60 RECTGCTATC TOTT ATCTGE
TR CAGGL. CTATCTCACTCICTC! oo CGGGGOCCACTTGTC AAGGTATCE
COTCATGEGEC AGTE RRCCATG TEE OO TRICCE ARG ECCT TCCCT BT RCACC ARGG TGATGCATT ACCGGRASTGEATC BAGG ACRCE ATCGTGECCARCCOCT G ABCACOCCTATCRAGTCCCT ATTG
TRETAARCTTGE AR CT GG AARTG AT ASGOC ARG ACTC ARG COT O CAG T CT ASTGAC CT T GTCC T ASG TS TG ARG TCC B GO TG CT GG AR A AS A RTCAGC RGAC AC BSGTGTAG ACCRGG
TOTTTCTT AL ATGETGT RN M TG COTCTC PG PO CCPEG GG AR AC TGS CC ATSCCTGEAG ACAT ATC ASTC ARPT TCTCT G AGG AC AL

(single-exon
gene)

CRCTGTCCATGR G AAGCTGGAGGE ACRRCGCACT BGAC ACTCAC AGCARGGAT GG AGCT G ARR G
ATRRCCCACTCTGICCTGEAGGC A TGGGAR GTGAGCCE TICCTPTGEC CCCCTCGRAGCTGATTCAC
TRTGGGGEERGGTET AT TEARGTOCTCE AGRCRACCCTC A RTTTG TG ATTTCCT AGTAGA BC TG AC AG ARRT ARAG BGCTCTT BT AL T T
GRRRTCAGCIARGGRR R MG GCATOTA R, RERRTCTTTC. cL BGCACTTRERTC ACECRGE. TG
TRTGRRGT AT TTCCRRCTRAGE RAGCTC ACCTE AGCC TG A KT RGCTGACCTT ARCTICTCRGACC TRRGGTTCCC ARGAG
TTCRRGCAGRTACAGCATEGCCTAG AGCOTC AG ATGT AC AR ARCAGEC ATTC ATCATG ART COCACTFTTRGC ATE ARTCAT CT BB C AL GE CCCAAGGCICC AGGTAT ACCARGGCACT TR ECCGRAT
GPTCCARG RTCTCC R CTGTAL AGGCTITGRGCAGTGEARHEC CARCCS R

generalized HMM 0‘&00

Insied




Application: transmembrane proteins

Ouitside loop

Outside Qutside
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Amino acid seq: MGDVCDTEFGILVA. . . SVALRPRKHGRWIV. . .FWWDNGTEQ. . . PEHMTELHMM, .

State seq: aoooosooohhhbh. . hhihiiiiliikhh. . .hbhhooooOo. . . 00Cooochhh. .
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HMM




Application: protein domains

§21978-165-314
Q20638-74-216
219601-54-189
£18311.-32-175
P18209-233-375
Q97AH] - 42-162
LGBl MEDSA-7-142
LGE1 IUPLU-7-14
HEP SGLo13—
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fun}
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LAMSE7—
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HITH-20-147

SCENVADSWRLVESRSSAAETSACFGLFVECRVES . . . .
EKELLERTWSDEFD. . .

ERILLEQSWREKTRET

TKELVIQEWPRVLA . . .
QIHLVRALWROWYTT . .

DALRVLONAFEL. . . ..
QEALVNSSWEARED . . .
QVALVKSSFEEENA . . .
QEALVVKSWSAMEP . . .
QEALLEQSWEVLED. . .
QVARLKASHPENSAG . . .
QROVIAATWEDIAGA . . .
QRFEVEHQWAEAFGT .
QRLEFERQUAEAYES . |
QRLEFEQOWAKAYEY .
EGLEVESENGRAYES .
QRTKMKQORAQWYSY .

DREE¥QALWRSIVSAE  DTGRRTLIGRLLEEELEFE
DRHEVLDNWKGIWSAE FTGREVAIGOATEOELEA
DREEIRHIWDDWWSSS  FTDREVAIVRAVEDDLEK

SKSALASSWETLAKD .
QKTALEESWEVLGAD . .
QKDLIRELSWGVLSY . . .
DAGLLAQSHAPNFA .
EVEQVQATWKANSH. ..
EASLYQSSWEAVSH. ..
QADLWEKTHSTHEF . .

QLALFEESSWNTVEH. . .
EASLYRGSWAQVEH. . .
QISTHQASEDENEG . . .

Profile HMM ¢

 AATIONNGATLESLLEK
.GPTHMENGSLLEGLLEK

.KIPMLEFLFG . L. SESDDVFDLPDNHEWRRHARLETSI

.. NLYELGSATYCYIED. .. . . . HNPNCEQLEF F. ISKYQGDEWKESKEERSOALKEWOT
.. GADHIGSKIEFMWLT ... . . AQPDIKATIFG.L.EK IPTGRLKYDERERQHALVYTET
.. .QCPELFTEINHESAT . .. . . RSTSIKLAFG.I.AE N ESPMONAAFLGLSSTIOAR
CKGPTVIGASTIVHRLCFENVHVEEQMEQVE  LPFKE .ON. . ... .. RONFIEAHCKAWAEL
. DDPELVRREVAHWEA . . . LDASVRDLEF .P. . DMGAQRAAFGOALHWY
.. WLPRYSWFEYTVVIE . ... . KAPAAKGLES F.. LENSAEVODSPOIOXHAEEVEGL
. NIPKNTHREETLVIE..... . .TAPGAKDIFS.E LE GSSEVPONNEDIOAHAGKVEKL
.. HAGELGLKFELEIEE . . . . . . [APSAQKLES FLKD A SHVPLERNPELESHAMSYELM
.. .NIPAHSLRLIFALIIE. ... .. AAPESKYWES FLKD . SNEIPENNPELEAHAAVIFKT
DGGAQLGLEMETEYEH . . .. . ENPOMMFIEG ¥SGR T. EALKHSSKLOHHGEVIIDO
.DNGAGWGKDCLIKELS . . . . . AHPQMAAWEG E.SG ... ASDPGEYAALGAKVLAQ
.SHHRLDEGLKLWNSIER. . . . ... DAFPEIRGLEKRVDGD . H. . ... AYSAEFEAHAERVIGG
.GHDREEFGHFIWTHVELK. . . .. .. DAPSARDLEKENRGDNT . . .. .. HTPAFRAHATRVLGE
.GHERVELGIALWKSHEA . .. .. .. QDNDARDLEKRVHGEDV . . . . .. HSPAFEAHMARVENG
.GHDREAFSQATWRATEA. .. .. .. QVFESESLEKRVHGDDT . . . . .. SHEAFIAHAERVLGG
.GESRTDEAIDVENNEER. .. .. .. THPDRS . LENRNNGDNY . . .. .. TSPEFKAHMVREVEAG
....... IDGATKGLEKRVHVDDT . . . . . HSPEEFAHVLEWWHG

....... LDPNAKGVEGRVNVD K. . .. PSEADNEKAHVIRVING

....... HYPTSEALFERVEKIDEE . . . . . ESGEFKSHLVREVANG

....... QEFDTENYETHE . GNMS . DAEMKTTGVGKAHSHAVEAG
....... TYFDTEKHEKHE . . DDATFAAMDTTGVGEKAHGVAVESG
....... TSSAARTEFEARL . GDVS. . AGKDNSKLRGHSITLMVA
....... CQEPESANFENDE  KG KSLADIQASPELRDWSSRIEAR
....... AHFDIMAKEPKE . AG EDLEAIKDTADEAVHASRIIGE
....... AVFDIQAKFPOE . AG EDLASIKDTGAFATHATRIVSE
....... AYPDIMAKEPOE AG KDLDSIKDSAAFATHATRIVSE
....... ANFDIQAKEPQE . AG  EDLDSIKDSADEAVHSGRIVGE
....... ANFDIMAKEPQE . AG EDLETLKGTGOEATHAGRIVGE
....... ADPSIMAKETOR . AG KDLESIKGTAFFETHANRIVGE




Outline

« Regular expressions & weight matrices
- Dependencies & Markov chains

* Hidden Markov models

- HMMs & EM

*  Profile HMMs

«  Genefinding



Sites

Site: short sequence containing

some signal

> > > = >
QO Qa0
aQ > > > »
> > > > P
= 43 Q — -
Qa0 Q@

Examples: intron splice sites, transcription start site,
transcription factor binding sites

Goals: - give a mathematical description (model) of a site

- find possible sites in a long sequence



Consensus sequence

majority vote:

ACAATC

WS MAKS

> > > = P>
Q Q0O a0

from [UPAC code:

Z <D O R <K nzwW

a »> > > >
S
- 3 Q43 4

A/C
A/G
A/T
C/G
C/T
G/T
C/G/T
A/G/T
A/C/T
A/C/G
A/C/G/T

QO O 0 0 Q



		M 


		A/C



		R 


		A/G



		W


		A/T



		S 


		C/G



		Y 


		C/T



		K 


		G/T



		B 


		C/G/T



		D 


		A/G/T



		H 


		A/C/T




		V


		A/C/G



		N 


		A/C/G/T






Regular expressions

[ab] : union {a,b}

ab :concatenation {ab}

€ . empty string

a* :Kleene star {¢,a,aa,aaa, ...}

> > > = >
QO Q O 0 O
aQ > > > »
> > > > P
= d4 Q 4 -
QO O 0 0 Q

[AT][CG][AC]A[TG][GC]

ACAATC ,butalso TGCAGG

See also http://prosite.expasy.org .

"BiosB



Weight matrices

N Q O

N Q O

2
0
4
|
0

3
4
1
0
0

2

0.0
0.8
0.2
0.0

D~ o oo WU

4
5
0
0
0

3

0.8
0.2
0.0
0.0

aka position specific score matrix

4

1.0
0.0
0.0
0.0

counts

5

0.0
0.0
0.2
0.8

probabilities

6

0.0
0.8
0.2

0.0

=4 ® O >

> > > = P
O Qa0 a0
aQ > > > >
> > > > P>
= 3 Q 43 -

QO 000




Weight matrices (2)

Sequence: X =XxX,...X

» Independence

| .
P(xxy.xy W) =] ]w.. =] | B& W)
i=1

i=1

P(ACAATC|W) = B(R)P(C)P(A)P,(A)

B(T)F(C)

=0.8x0.8x0.8x1x0.8x0.8=0.33

1

0.8

0.0
0.0
0.2

N QO

2
0.0

3

4

0.8

1.0

0.8

0.2
0.0

0.2
0.0
0.0

0.0
0.0
0.0

5

0.0
0.0
0.2

6
0.0

0.8

0.8

0.2
0.0




Weight matrices (3)

Sequence: X =XxX,...X

‘ » Independence

HP(X W)

::]z

P(xx,..x, | W)=

=1
P(CCAATC|W)=FE(C)P(C)R(RA)P,(A)P(T)P.(C)
=0x0.8x0.8x1x0.8x0.8=0

| 3 4 5 6

0.8 0.0 0.8/ 1.0 0.0 0.0
0.0(10.8 0.2 0.0 0.0 |0.8
0.0 02 00 00 02 0.2
0.2 0.0 0.0 0.0 0.8/ 0.0

N QO




Weight matrices: pseudocounts

A C A A T G

pseudocount (Laplace) T ¢ A A T C

P(x) = #XTL A CAAGC
Zi(#l_l_@) A GAATC

A CCATSC

40515 6 1 1 A {0.56] 0.11 [0.56][0.67] 0.11 0.11
cl1 5211 5 W'_C 0.11 [0.56] 0.22 0.11 0.11 [0.56
Gl1 21122 G011 022 0.11 011 022 0.22
T12 1 11 51 T 1022 0.11 0.11 0.11 [0.56] 0.11

P(ACAATC|W ') = B(A)P,(C)P,(A)P,(A)P(T)P.(C)=0.56"x0.67 = 0.037

P(CCAATC|W") = B(C)P,(C)P,(R)P,(A)P(T)F,(C) =0.11x0.56* x0.67 = 0.0072
" BioSB



Bayes’ rule: odds

class A: sites class B: non-sites

P(x|class A)P(A) S P(x|class B)P(B)
P(x) P(x)

P(x |class A) S P(B) ~__
P(x|class B) P(A)_—""

x 1s assigned to class 4 <

priors

P(x |class A) o1 o log(P(x | class A)] 50

equal priors: P(x | class B) P(x| class B)
odds log-odds
P(B) 0.7

unequal priors, e.g.: log =log—=1.22

P(4)  -03 "BioSB



Weight matrices: odds

W: weight matrix, R: background model (independent of position)

N

E(x | W)
Pxx,..xy [W) _ 1;[

N
P(xx,..xy | R) Hp(xi R)
i=1

(N )
P(xx,..x, | W) HPf(xi|W) N B(x |[W)
10g2£ 1Ko Xy jzlogz lj; :ZlOg2[ i \""i j
P(xlxzme |R) P(X |R) i=1 P(Xl |R)
\i=l | J
|09'0dd3 ;b



Weight matrices: log-odds

R uniform: P(A|R)= P(C|R)=P(G|R)=P(T|R)=0.25

1.16 | -1.17 | 1.16| | 1.42 | -1.17 -1.17
-1.17 | 1.16| -0.17 -1.17 -1.17 | 1.16
-1.17 -0.17 -1.17 -1.17 -0.17 -0.17
-0.17 -1.17 -1.17 -1.17 | 1.16] -1.17

log(0.56/0.25)

N Q O X

log-odds(ACAATC) =1.16+1.16+1.16+1.42+1.16 +1.16 =7.22

log-odds(TGCAGG)=-0.17-0.17-0.17+1.42-0.17-0.17=0.57
log-odds(CTTGAT)=6x—-1.17=-7.02
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Dependencies: language

Probabi I|ty (in English) of “0” given that previous letter is “a”

iy Pi T

l a 00575 a ]EJ‘ . ]EJL

2 b 0.0128 b c . c

3 ¢ 0.0263 c = y- g

] d 0.0285 d = = i

5] e 00013 e lE"L u ﬁ

6 f 00173 £ 1 . i

T g 00133 E £ : I

B h 00313 h m | m

o1 00599 i E - E

0 3 00006 J ' m

11 x  0.0084 K r ! 3

12 1 0.0335 1 & | g

13 m 0.0235 I E ‘m. m Er

4 n  0.0596 n W . =

15 o 0.0GEY 0 X . I X

6 p 00192 P = - = . .. . . . .
17T o 00008 o g """ """rrm - EximEsEn - - = IEEs-EessEesE-sB-sEsmEEEn
18 r 0.0508 r abcdefghil JElMnopgretuvWIvE— ¥ abcdefghi jklmnopgretuveEvEI— ¢
19 = 0.0567 2 . . Y ;

Mt 00706 t (a) Piy|x) by Plx|w)

21 u  0.0334 u

22 v 0.0069

23 w0119 W

24 = 0.0073 X

25 v 0.0164

26z  0.0007 Z

27 0.1028

" BioSB




Dependencies: biology

£
£y

P,

y

lj:
iy

%

independent < s,

=1

N Q O N

probability of nucleotide i
probability of dinucleotide ij

A

(1.13
1.03
1.05

0.83

C

0.73

M. jannaschii

G
1.10

1.37

0.32

1.12
1.05

T

0.94
1.11

1.39

0.71

1.13

1.14




Markov chains

Sequence: ¢=¢q,9,---9y

N
P(qy Gy @) = Py | Gy tses @) Py | Gy asn @) P(a) = | P(a, 19,50 P(q))
t=2

Only dependent on previous symbol:

N
P(qy-qy1>-a) =] | P(q,14,.,)P(g,) First-order Markov chain
t=2

state: value of g;

transition probability:  P(q, = j|q,_, =1)



Markov chains: language

Zero-order approximation (symbols independent but with
frequencies of English text).

OCRO HLI RGWR NMIELWIS EU LL NBNESEBYA TH EET
ALHENHTTPA OOBTTVA NAH BRL.

First-order Markov (transition probabilities as in English).

ON IE ANTSOUTINYS ARE T INCTORE ST BE S DEAMY
ACHIN D ILONASIVE TUCOOWE AT TEASONARE FUSO
TIZIN ANDY TOBE SEACE CTISBE.

Second-order Markov (transition probabilities as in English).

IN NO IST LAT WHEY CRATICT FROURE BIRS GROCID
PONDENOME OF DEMONSTURES OF THE REPTAGIN IS

REGOACTIONA OF CRE. v
C.E. Shannon (1948) S



Markov chains: language

Zero-order word approximation. Words are chosen independently but
with their appropriate frequencies.

REPRESENTING AND SPEEDILY IS AN GOOD APT OR COME CAN
DIFFERENT NATURAL HERE HE THE A IN CAME THE TOOEF TO
EXPERT GRAY COME TO FURNISHES THE LINE MESSAGE HAD BE
THESE.

First-order Markov (on words). Word transition probabilities are as in
English.

THE HEAD AND IN FRONTAL ATTACK ON AN ENGLISH WRITER
THAT THE CHARACTER OF THIS POINT IS THEREFORE ANOTHER
METHOD FOR THE LETTERS THAT THE TIME OF WHO EVER TOLD
THE PROBLEM FOR AN UNEXPECTED.

C.E. Shannon (1948) _BioSB



Markov chain: graphical representation

Two states: x and y

Matrix X vy Graph: arrows for transition probability
0.8
gt (02 0F O -0
“y 07 03 02 X o7y

a; : transition probability from i/ toj

Generative model (example): Xyyxyxyyxxyxyxx...

P(xyyxy) = P(x)P(y | x)P(y | y)P(x| y)P(y|x)=P(x)x0.8x0.3x0.7x0:8
BioSB



Markov chain: graphical representation (2)

Two states: x and y I
Graph 0.8
Add begin state g, @Q@
0.2 0.7 03

N
P(qysqy-is-q) :HP(% 1q,1)
=1

and end state q, ., to model end E

of sequence



Markov chain: estimation

a; : transition probability from /i toj

Estimation: simply by counting

L # oft suchthatg,_ =i,q, =
J # of t such thatq,_, =i

Begin state:

# of ¢ such that g, =i
Ay, = N

"BiosB



Markov chains: log-odds

Sequence: X =XX,..Xy
A,B : Markov chains for class A and B, respectively

P
1;[ (XX, p) =i10g(PA(Xt|x”)j

log [ P(x|class 4) ] _log
o N
N EACAEA I
t=1 Yy,

P(x|class B)

X154

N a’
= log E—aﬁl’x’ J



Markov chains: limitations

For biological sequences:

- Mononucleotide repeats (due to polymerase slippage) are
more frequent than predicted by Markov chain

Reason: probability of d consecutive i’sis (a,) " (1-a,)
(geometric distribution)

- Codon (position) biases are not taken into account

"BiosB
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Multiple alignment

Sequence ensemble as before but now with some insertions

and gaps

A

> > >

regular expression: [AT][CG][AC][ACGT]*A[GT][CG]

C

Q QO 0

aQ > > > p

a >

Q

S I
=5 3 QO H -
Q000

iInsertions and gaps —

"BiosB



A different representation

> > > 4
O aaa0n
@I i

boxes: states

- - - A T G
A C T A T C .
4: insert state
C A G C
- 04 .
ATC S 1,2,3,5,6,7: match state
G A T C TTE
4 [ACCT]* 04
Gl 02
0.a
TH 02
I:I.ﬁT \
P— A 0s & & I & 0%
C 02 |10 |com |10 |cHoz 93| 04 | W0 1o | 10| ¢ —
G —™cmoz [ ™Mo — ™G om0z g
TR 02 T T T T I
1: [AT] 2 [0 3 [AC] 5 [4] 6: [OT] 7[00

mix of weight matrices and Markov chains

"BiosB



Probability of consensus sequence

m

AN 02
4 [acoT]r | CHEE 04

Il 02
0.4
TH 02
D.ﬁT

4 I & 0.g A I £ I A A 0.8
. 08 | 10 | coms | 10 | cmmoz %3 o4 | L0l o | ¢ Lo | C—
G ™ cmo2 " g gl omoz (T T oMoz
THE 0.2 T T T T I T

1: [AT] 2 [CG] 3 [AC] 5: [4] 6 [GT] 7: [C3]

P(ACACATC) =0.8x1x0.8x1x0.8x0.6x0.4x0.6x1x1x0.8x1x0.8 =0.047

Markov chain: one state = one symbol

Here: C can be generated by states 2,3,4 or 7 — states are hidden



Hidden Markov models

Alphabet K of (observed) symbols
States: Q={0,1,2, ..., S} 0: begin state (non-emitting)

transition probability: , , .
P d a; =P(q,=jlq,., =1 0<z,j<95

emission probability: b(x)=P(x|i) xeK,1<i<S$

—— probability of emitting symbol x in state j



Hidden Markov models (2)

Alphabet of 4 symbols {A,C,G,T}

Q - {1 ’2, ==y 7} 1 1'0
2 1.0
3 0.6 04
A=4 04 0.6
m 5 1.0
b, (C) ; o
2 4 [aceT | C HEE 04 7
cMloz 0
Tz
st
J— A\ g — A I— A 4 08
c 0% |10 |commm |10 |c®oz "% 04 |cC L0 e | e 10 | C—
G " cmo:z alk: Tl G " omoz ™ cmoz
TH 0z T T T T I T
1: [AT] 2: [CG] 3: [AC] 5 [4] &: [GT] 7. [CG]

dy3 all transition probabilities = 1: weight matrix

"BiosB



HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds.

Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences



HMM evaluation: known state sequence

State sequence: O =¢,9,9,---9x

Observed sequence: X =Xxx,...xy

P(x,0) = P(x| QP(Q) ™™ po)~[]P(q,14,.)
l t=1 )

P(x] Q)= P(xy | Xy_yseees X1 Q)P [ Xy g5, 0)-.P(x, | Q) = | PUx, 1 0,)

t=l1

P(x,0)=] 1P |9 D] | P 1a)=]]a, .]]&, (x)

P(ACACATC) =0.8x1x0.8x1x0.8x0.6x0.4x0.6x1x1x0.8x1x0.8 =0.047



HMM evaluation: graphical representation on a
trellis

P(x,0)=]]P@ g D] ]Px1a)=]]a, . ]2, (x)

state sequence = path

O
e
o
S

_ observation
WelghtS: oo (C) @b (A) 6y b (T b, (A)

— g
~

P(CATA,0-2-1-3-2)

"BiosB



HMM evaluation: forward algorithm

State sequence unknown: P(x) = ZP(X, 0)

Sum over all paths through trellis: ~ SV state sequences!

s forward variable

Smarter:  P(x)= ZP(x gy =i)= Za(N )

a(t,i)= P(xx,..x,,q,=i) ,thatis, probability of having

observed xx,...x, and being in state / at step ¢



HMM evaluation: forward algorithm (2)

a(t,i)=P(xx,..x,,q, =i)

initialization:  «(0,0)=1, a(0,)=0 1<)
recursion :  (t,i) :Za(l‘—l,j)ajibi(xt) 1<t<N,0<i,j<S§
S ! ®
P(x)=) a(N,i) S~y el
i=0
2O
Complexity: SxN
P y 1O
3 0o (1)
a(za 2) — Za(lo j)ajzbz (xz) 0 observation

j =0 T S
"":":_Bi‘oSB



Forward algorithm: proof X, = XXX,

1<t<N,0<i,j<S
a(t,i)=P(x, ,.q, =)= ) P(x .4, = j.q, =1)
J
=D P(x 124, = NP4, =11% .4, = ])
J
Observed symbol and the state depend only on previous state.
= ;P(xl..t_pqt_l = NDP(x,,q,=ilq,, = j)
= ;a(t ~L )P(q,=ilq,, = )HP(x,1q,=1)

= Za(t -1, j)ajibz‘ (Xt)
! ! recursion




HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds.
Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences

"BiosB



HMM decoding: Viterbi algorithm

Decoding: find state sequence which best explains observed
sequence.

Viterbi: best = most probable Viterbi variable

—

V(x)=max, P(Q]x)=max, sz’)g ) =max, P(x,0Q)

V(x) = max, P(x,0) = max, [mztxgow_1 P(x,0, v.12qy = i)] = max, [v(N,i)]

v(t,i) = max, [P(xl..w Oo.im109; = l)]

path ending in state / at step ¢ BioSB



HMM decoding: Viterbi algorithm (2)

V(i) =max, [P(x 0y 159, =1)]

initialization : v(0,0)=1, v(0,;)=0

recursion , v(t,i) = maxj [V(t —Lj)élﬁ ]b,- (xt)

p(,i) = argmax ; [v(t—1, j)aji]

end 1 V(x) =max, [V(N,i)]

gy =argmax [v(N,i)]

backtracking : g, =p(t+1,q,.,)

1<

1<t<N,0<i,j<S



Dishonest casino: Viterbi

Casino switches between a fair (F) die and a loaded (L) die

" 1 2 3 4 56
transition probabilities
0(0 05 05 Fé % % éé% T
emission probabilities
A=F|0 095 0.05 P
1 1 1 1 1/1
LI0O 0.1 09

10 10 10 10 10|2

observations: 3-1-4-6-6-6

Viterbi
3 1 4 6 6 6
L 0.0F —— | 0,004 — = 00004 — = 0.00018 — = 000008 —— = 0000037
F /0.083 Xo 0.013 AU.UUEI Xoﬂ.ﬂﬂﬂ% XD.DUDUS Xo 00000083
0 1/

v(2,L) = max{v(1,F)a,, b (1), v(1,L)a, b (1)]
= max[(0.083x0.05x0.1 , 0.05x0.9x0.1] = 0.0045

"BiosB



Dishonest casino: Viterbi (2)

Casino switches between a fair (F) die and a loaded (L) die

" 1 2 3 4 56
transition probabilities
0(0 05 05 gl L _—
emission probabilities
A=F|0 095 0.05 6 6 6666 P
1 1 1 1 1/1
LI0O 0.1 09 — — — — —

10 10 10 10 10|2

Backtracking

3 1 4 6 6 6
L — — — — — 0.000037
F/ -— -— -— -— -—
0 /
Optimal state sequence: O-L-L-L-L-L-L

"BiosB



Outline

Regular expressions & weight matrices
Dependencies & Markov chains
Hidden Markov models

HMMs & EM

Profile HMMs

Genefinding



HMM: three problems

Evaluation: probability of an observed sequence, given the

model, e.g., to calculate odds

Decoding: optimal state sequence for an observed sequence

Estimation: of transition and emission probabilities from

a given set of sequences



HMM: estimation
Sequences: {x', ...,.x"}

Likelihood:  P(x',...,x"|0) = HP(xi | &) state sequence
i=1

n T
=12 PG, 016)
i=1 Q $

Log-likelihood: ZlogZP(x 0|0) -

i=1 same solution since log is
monotonic

Maximization of this log-likelihood is difficult because of sum
over hidden (state) variables



HMM estimation: EM

1. If we know the state sequence, parameter estimation is
easy: just counting as in Markov chains

2. Can estimate state path using the forward-backward
algorithm (not shown)

3. EM: estimate (probability of) states, then estimate
parameters, re-estimate the states etc.

This maximizes the likelihood (see MoG)
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HMM estimation: remarks

See references in lecture notes for EM for HMM (aka
Baum-Welch algorithm) in full detalil

EM converges only to a local maximum of the likelihood.
Good initial values are important!

3
g
= f/

Panime BT e

How to choose the structure of an HMM? Black magic ...
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Profile HMMs A CA - - - ATG
T CAACTATC
A C A C A G C
A G A - AT C
A CCG AT C

We saw that a weight matrix can be represented as a very
simple HMM

mo—hmf—-mz—- —w }11 . —h*%j—-—mN

transition probabilities = 1
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Profile HMMs: insertions

A C A - - - AT G

T C A A CT A T C

A C A C A G C

A G A - A T C

A C C G A T C
Insert state

Model insertion(s) between position j and j+1
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Profile HMMs: deletions

A C A - - A T G
T C A ACTAT C
A C A C - A G C
A G A - A T C
A C C G A T C

Many transitions = many parameters, but limited data

Solution: introduce silent (=non-emitting) delete states

Wlete states

1
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Profile HMMs (2) ACA - - -ATG
T C A ACTAT C
A C A C A G C
. A G A - A T C
Put everything together: ACCoG AT

d; )

i
"o B "y

Applications: http://pfam.xfam.org/

- searching for remote homologs (Forward)

- align a protein to a protein family (Viterbi) B -
Lo
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Genefinding

Input: DNA string Se{a, C, G, T}*

Output: annotation of string S showing for each nucleotide
whether it is coding or non-coding

AAAGCATGCATTTAACGAGTGCATCAGGACTCCATACGTAATGCCG

genefinder

'

AAAGC ATG CAT TTA ACG A GT GCATC AG GA CTC CAT ACG TAA TGLCG



Genefinding: eukaryotes

splice sites: donor acceptor

promoter /
TSS P
wxon |l [

5 Exon 2 Exon 3 ¥
I DN A
gt ag et ag
I'ranseription factor
binding sites Transeri ption downstream
TATA-box clement
CCAAT-hox
Exon 1 Intror Exon 2 k )
: Primary
I "
., a i A transcript
L ug  H . " po 3
= . :
. 8 N _//
™, s, H o cleavage
% LS % e i - o - -
% . . Splll‘;lng ¥ s o polyA  Site
3 H - - P .
", \\_ k> : P e Vi signal
W -_\- \_‘\ :
", iy y 7
\ ., / -
. B FolyA tail  Mature
i

VAA~AAA mRNA

Start codon

M,
ang Stop codon N
. il.lg:!,nil'.'l,qlm__'\l'j h'IL'H'\ =|f_'|'."
Translation sire
Protein
|

More complex than for prokaryotes: lower coding density
(<25% instead of >80%), splicing



Genefinding: many signals

Possible signals: splice sites, promoter, codon bias, polyA
site, dinucleotide usage ...

Possible models: everything you've seen before ...

How to integrate all these models in one consistent model
that can be used for genefinding?

Solution: HMMs again!

Building blocks (=states): weight matrices, (inhomogeneous,
higher-order, interpolated) Markov chains, ...



Genefinding: HMM

Genes have a certain structure/grammar
. exon — intron — exon — intron — exon ...
Regular expression of gene structure:

promoter 5’UTR exon (intron exon)* 3’'UTR polyA

E
- HMM— ‘P =5U/“l\3U - pA

I

Genefinding = annotation with states: Viterbi




Length distributions

Length distributions of human introns and initial, internal and terminal exons

250 {a) Ifltl'ol‘l.sl : : 70 (b} [nmallexons : : :
Geometric distribution ——. @0 i Smoothed density --. 7
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{c) Internal exons {d) Terminal exons
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Standard HMM: length ~ geometric distribution

Generalized HMM: states emit sequences + length




Genefinding: GenScan

frame-aware

Forward (+) strand

both strands - (i

Reverse (-) strand

Exons: separate states for initial,

terminal, single and internal exons

GenScan: generalized HMM



Recapitulation

Hidden Markov models:
flexible models for modeling sequences

 Evaluation: forward algorithm
« Decoding: Viterbi
« Estimation: EM

Applications:
* Genefinding

Modeling protein families

Segmentation of array CGH data
SNP imputation in GWAS
Error correction in nanopore sequencing data
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10min break
Exercise 4.18-4.20
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